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Multilayered gels play an important role in biomedical engineering as drug delivery vehicles, replace-
ment tissues and bio-mimetic substrates for cell cultures. It has been established that the gel elasticity
strongly influences the intended functionalities. In view of this, second-order elastic solutions for the
stresses and displacements in cylindrical multilayered hydrogels subjected to various dilatation profiles
are developed in this paper. The results emphasize the importance of nonlinearity in gel mechanics, and
suggest the possibility of a rational selection of layer elasticities, layer thicknesses and dilatation profiles
for improved mechanical responses such as maximum/minimum swelling and multiaxial stress states.

� 2012 Elsevier Ltd. All rights reserved.
1. Introduction In view of the importance of elasticity in biomaterial design and
Multilayered gels play a significant role in many biomedical
applications as each layer can be imbued with distinct chemical
and mechanical properties for various targeted functionalities.
Such coherent multilayered gels are widely used in tissue engi-
neering, controlled drug delivery and surface modifications. For in-
stance, Schneider et al. (2001) developed multilayered spherical
capsules with high mechanical stability and biocompatibility for
the transportation of pancreatic islets. Johnson et al. (2010) also
developed multilayered cylindrical hydrogels via an iterative solu-
tion dipping technique, resulting in layer thicknesses in the range
of 150�650 lm. Facca et al. (2010) demonstrated the possibility of
differentiation of stem cells to bone cells using multilayered cap-
sules containing active growth factors.

It has been established that the elastic properties of hydrogels
play a critical role in biomedical applications. For stem cell cultures
in a hydrogel microenvironment, Engler et al. (2006) showed that
the elastic stiffness of the hydrogel dictates cell lineage specifica-
tion. For stiffnesses in the range of 0.1–1, 8–17 and 25–40 kPa that
respectively mimic brain, muscle and bone elasticity, the stem cells
developed primarily into neurogenic, myogenic and osteogenic
cells, respectively. Indeed, hydrogel elasticity is well-recognized
as a critical factor in the biomaterial design of microenvironments
in tissue engineering. Marklein and Burdick (2010) showed that
the morphology and proliferation of human mesenchymal stem
cells were strongly affected by the hydrogel elasticity, and Kloxin
et al. (2010) demonstrated the influence of microenvironment
elasticity on the differentiation and migration of valvular intersti-
tial cells.
ll rights reserved.
the lack of theoretical investigation into the influence of elastic
nonlinearity on multilayer design, recent attempts have been made
in this area of soft matter mechanics. Specifically, Wu and Kirchner
(2010) investigated a second-order elasticity model on the basis of
the work of Murnaghan (1951), and applied it to the study of a
homogeneous gel under tension, torsion and shear, and subse-
quently Wu and Kirchner (2011) investigated the case of a homo-
geneous spherical capsule and showed the importance of
nonlinearity in the soft matter response. More recently, Wang
and Wu (2012) considered the case of a bilayer spherical capsule
and investigated the role of layer inhomogeneity.

The choice of a second-order model for the present study is
motivated by the following considerations. First and foremost,
the second-order model adopted is generic for any nonlinear mate-
rial. Since the gels and soft tissues are extremely diverse in compo-
sition, a generic rather than a specific model for describing
material nonlinearity is preferred here. Second, the first-order
model is routinely used to describe the linear elasticity of gels
and soft tissues and the second-order model is a natural extension
and improvement for describing the inherent material nonlinear-
ity. Third, higher-order generic elasticity models have already been
used to describe the mechanical behavior of gels and tissues. Other
than the works of the authors mentioned above, Rénier et al.
(2008) considered the experimental determination of the elastic
constants in fourth-order elasticity for the modeling of soft solids,
while Destrade et al. (2010) discussed the invariants for fourth-
order transversely isotropic elasticity for the modeling of biological
soft tissues. These works focus on the structure of the constitutive
equations in higher-order elasticity.

In the present work, solutions for the displacements and stres-
ses are developed for a multilayered cylindrical hydrogel using a
second-order elasticity model. It should be noted that the model
is second-order in terms of stresses but third-order in terms of
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the strain invariants; the abovementioned works on fourth-order
elasticity adopted the latter terminology. The multilayer is loaded
by a dilatation profile, simulating chemical/drug concentration or
temperature distribution. Higher-order elasticity theories or other
nonlinear elastic models can also be used to solve the multilayer
problem, but the second-order theory is adopted for its relative
simplicity and the derivability of analytical solutions as demon-
strated later.

Following this introduction, the second-order elastic model is
reviewed and the problem of an N-layer cylinder is established in
Section 2. General solutions are derived in Section 3. Numerical re-
sults highlighting the influence of nonlinearity, material dissimi-
larity, non-uniform layer thicknesses and dilatation profiles are
presented and discussed in Section 4. A list of conclusions are given
in Section 5.
2. Nonlinear elastic model for dilatations

2.1. Definition of problem

Fig. 1 shows an N-layered circular hydrogel cylinder with inter-
faces located at the radial coordinates r = rj, j = 1, N. The layers are
nonlinearly elastic, isotropic, and perfectly bonded to one another,
but can be of dissimilar material compositions and thicknesses.
The outermost surface of the hydrogel is assumed to be traction-
free. The second-order elasticity theory of Murnaghan (1951) is
used to model the elastic nonlinearity of the gel layers. Two sec-
ond-order elastic constants kj; lj and three third-order elastic con-
stants lj;mj;nj, where j = 1, N, are used in this theory.

The cylinder is subjected to an axisymmetric dilatation pro-
file, which can however fluctuate along r. For definiteness, step
dilatation profiles are assumed, in which the dilatation in each
layer is constant but it may vary from layer to layer. Physically,
fluctuations such as temperature T(r) and chemical concentration
c(r) result in a local dilatation field #ðrÞ. The relation between T
and # or between c and # is given by the coefficient of thermal
expansion or the change in lattice parameter per unit concentra-
tion, respectively. However, it is not necessary to specify these
relations in the elasticity problem. The field #ðrÞ is considered
as the fluctuation loading, and may be controlled, as in the
embedding of drugs, nucleic acids, nutrients and growth factors
of various concentrations in the layers of sub-micrometer thick-
nesses. The objective is to derive the displacement field and the
Fig. 1. A hydrogel cylinder composite consisting of N layers, with core radius r1 and
outermost radius rN.
stress field under the dilatation loading. To facilitate the deriva-
tions, the second-order elastic model is briefly reviewed in
Section 2.

2.2. Second-order elastic model

The energy density W of Murnaghan (1951) is written as a func-
tion of the strain invariants J1; J2; J3 of the Lagrangian strain E:

W ¼ kþ 2l
2

J2
1 � 2lJ2 þ

lþ 2m
3

J3
1 � 2mJ1J2 þ nJ3; ð2:1Þ

where k;l are the second-order and l, m, n the third-order elastic
constants, respectively. In terms of the principal strains E1, E2 and
E3 of E, the three strain invariants are:

J1 ¼ E1 þ E2 þ E3; J2 ¼ E1E2 þ E2E3 þ E3E1; J3 ¼ E1E2E3: ð2:2Þ

As the governing equation (the equilibrium equation) will be
formulated in terms of displacements, the above strain invariants
are expressed as a function of the radial displacement ur and its
derivative u0r with respect to r. For a two-dimensional problem, J1

and J2 of Eq. (2.2) can be written as:

J1 ¼ k u0r þ
ur

r

� �
þ 1

2
k2 u02r þ

ur

r

� �2
� �

; J2 ¼ k2 uru0r
r
; ð2:3Þ

where k is introduced to keep track on the order of approximation
of the theory. Note that J3 does not appear, since the strain matrix E
is two-dimensional rather than three dimensional. For this reason,
the third-order elastic constant n in Eq. (2.1) will also not appear
in the solutions.

For the linear and second-order approximations, only terms up
to the first- and second-order of k are retained, respectively. Equa-
tion (2.3) can be derived from the form of E given below in Eq.
(2.7). The stress in the undeformed coordinate system is written
as the matrix product between the deformation gradient Ja and
the derivative of the energy density with respect to the Lagrangian
strain:

T ¼ Ja
@W
@E

; ð2:4Þ

where

@W
@E
¼ kJ1Iþ 2lEþ ðlJ2

1 � 2mJ2ÞIþ 2mJ1E: ð2:5Þ

The deformation gradient Ja in Eq. (2.4) can be written in terms
of ur and u0r as:

Ja ¼ diag 1þ ku0r;1þ
kur

r

� �
; ð2:6Þ

as shown in Appendix A. The Lagrangian strain in Eq. (2.5) can then
be expressed as:

E ¼ 1
2
ðJ�aJa � IÞ ¼ k diag u0r ;

ur

r

h i
þ 1

2
k2diag u02r ;

u2
r

r2

� �
; ð2:7Þ

where J�a denotes the transpose of Ja and I is the identity matrix.
The equilibrium equation takes the following form:

r � Tþ qF ¼ 0; ð2:8Þ

where q is the mass density and qF the body force per unit volume,
while the boundary condition at the free surface of the hydrogel is:

TdS ¼ 0; ð2:9Þ

where dS is the oriented surface element. Note that T is diagonal
with the radial and polar components Tr and T/. Only the radial
components of Eqs. (2.8) and (2.9) are relevant. These can be writ-
ten as:
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T 0r þ
1
r

Tr �
1
r

Tu ¼ �qFr; ð2:10Þ

where Fr is the radial component of F. An expression can be ob-
tained for the body force as follows. According to Murnaghan
(1951), a uniform dilatation # causes a hydrostatic stress p given by:

p ¼ �ð3kþ 2lÞ#þ 1
2

kþ 2
3
l� 2l� 2n

9

� �
ð3#Þ2: ð2:11Þ

If # varies with r, the variation of p with r is treated as a body
force, i.e., qFr is written as the derivative of p with respect to r:

qFr ¼ �k kþ 2
3
l

� �
dð3#Þ

dr
þ k2 kþ 2

3
l� 2l� 2n

9

� �
ð3#Þdð3#Þ

dr
;

ð2:12Þ

where k and k2 separate out the first- and second-order terms. The
expressions in Eqs. (2.10) and (2.12) complete the form of the gov-
erning equation. The derivation of the solutions is shown in
Section 3.

3. Solutions

Eq. (2.10) is re-written in terms of ur and u0r , where ur is written
as the sum of the first- and second- order displacements u and w:

ur ¼ uþ kw; ð3:1Þ

and k keeps track of the approximation order. The total radial dis-
placement is the direct sum of the first- and second-order displace-
ments; k being merely a marker. From Eqs. (2.4) and (2.5), and
noting that J1 and J2, Ja and E are all functions of ur and u0r according
to Eqs. (2.3), (2.6), and (2.7), the expressions for Tr and Th can be
written as:

Tr ¼ kTL
r þ k2TNL

r ; ð3:2Þ

where the linear and nonlinear radial stresses TL
r and TNL

r are,
respectively:

TL
r ¼ k u0 þ u

r

� �
þ 2lu0; TNL

r ¼
k 3

2 u02 þ uu0
r þ 1

2
u2

r2

� �

þ3lu02 þ l u0 þ u
r

� 	2 þ 2mu02

þk w0 þ w
r

� 	
þ 2lw0

2
664

3
775;

ð3:3Þ

and similarly

Tu ¼ kTL
u þ k2TNL

u ; ð3:4Þ

where the linear and nonlinear circumferential stresses TL
u and TNL

u
are, respectively:

TL
u ¼ k u0 þ u

r

� �
þ 2l

u
r
; TNL

u ¼
k 1

2 u02 þ uu0
r þ 3

2
u2

r2

� �

þ3l u2

r2 þ l u0 þ u
r

� 	2 þ 2m u2

r2

þk w0 þ w
r

� 	
þ 2l w

r

2
6664

3
7775:

ð3:5Þ

The total stresses are the direct sum of their linear and nonlin-
ear components. The nonlinear stresses contain both u and w and
their first-order derivatives. These stress expressions and the body
force expression of Eq. (2.12) are substituted into the equilibrium
equation, i.e., Eq. (2.10), to complete the displacement formulation.

Upon extracting the k term of the equilibrium equation, the
first-order part can be written as:

ðkþ 2lÞ u00 þ u0

r
� u

r2

� �
¼ ð3kþ 2lÞ d#

dr
; ð3:6Þ
while the second-order equilibrium equation is associated with the
k2 term and can be written as:

ðkþ 2lÞ w00 þw0

r
� w

r2

� �
¼ �2ðkþ 3lþ 2mÞ u0u00 þ 1

2r
u02 � u2

2r3

� �

� ðkþ 2lÞ u00 þ u0

r
� u

r2

� �
u0 þ u

r

� �

� kþ 2
3
l� 2l� 2n

9

� �
9#

d#
dr
: ð3:7Þ

These are second-order ordinary differential equations. Appro-
priate boundary conditions are applied. In the following subsec-
tions, the solutions for the stresses and radial displacement are
derived. For convenience, subscripts j are attached to the symbols
for the stresses and displacements in the jth-layer. It should be
noted that in computing the stresses using Eqs. (3.3) and (3.5),
ur=r and u0r should be replaced by ur=r � # and u0r � # respectively,
as it is the difference between the fields that preserves the continu-
ity of the body.

For each jth layer, it is assumed that the dilatation is a constant
#j, j = 1, N. Substituting # ¼ #j into the first-order governing equa-
tion (Eq. (3.6)), the linear displacement solutions can be obtained
in the analytical form of a power law:

uj ¼ Ajr þ
Bjr2

j�1

r
; ð3:8Þ

where Aj and Bj are dimensionless constants to be determined.
Substituting # ¼ #j and Eq. (3.8) into the second-order governing
equation (Eq. (3.7)), the nonlinear displacement solutions can be
obtained as:

wj ¼ Cjr þ
Djr2

j�1

r
þ

B2
j ðkþ 3lþ 2mÞr4

j�1

2ðkþ 2lÞr3 ; ð3:9Þ

where Cj and Dj are dimensionless constants to be determined. Note
that B1 = D1 = 0 in order to fulfill the nonsingular displacement condi-
tion u and w at r = 0. Also, for j = 1 the inner radius of the core rj�1 = r0

= 0. There remain 4N � 2 unknown dimensionless parameters A1, C1

and Aj, Bj, Cj, Dj, j = 2, N. These parameters depend on kj;lj; lj;mj, the
layer thicknesses rj � rj�1, j = 1, N and the dilatations #j.

Substituting these solutions of displacement into Eqs. (3.3) and
(3.5), the radial and circumferential stresses in each layer j can be
written as:

TL
rj ¼ 2ðkj þ ljÞðAj � #jÞ � 2Bjlj

r2
j�1

r2 ; ð3:10Þ

TL
uj ¼ 2ðkj þ ljÞðAj � #jÞ þ 2Bjlj

r2
j�1

r2 ; ð3:11Þ

TNL
rj ¼

1
ðkj þ 2ljÞr4 ðH1j þ H2jr2 þ H3jr4Þ; ð3:12Þ

TNL
uj ¼

1
ðkj þ 2ljÞr4 ð�3H1j � H2jr2 þ H3jr4Þ; ð3:13Þ

where

H1j ¼ �ðkj þ 3lj þ 2mjÞljB
2
j r4

j�1; ð3:14Þ

H2j ¼ 2ðkj þ 2ljÞr2
j�1ð�Djlj � ðkj þ 3lj þ 2mjÞBjðAj � #jÞÞ; ð3:15Þ

H3j ¼ ðkj þ 2ljÞð2Cjðkj þ ljÞ þ ð3kj þ 3lj þ 2mj þ 4ljÞðAj � #jÞ2Þ:
ð3:16Þ



Fig. 2. The k2 � l2 �m2 surfaces of equal radial displacement
urðr ¼ r4Þ=r1 ¼ 1:3; 1:6; 3 for a four-layer hydrogel cylinder subjected to a dilata-
tion profile #p1. The dot represents a homogeneous cylinder.
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Eqs. (3.8)–(3.16) are all power-law expressions. To solve for the
4N � 2 constants, the continuity of ur across the interfaces at rj,
j = 1, N � 1 requires:

ujðrjÞ ¼ ujþ1ðrjÞ; wjðrjÞ ¼ wjþ1ðrjÞ j ¼ 1; N � 1; ð3:17Þ

while the continuity of Tr at the same interfaces requires:

TL
rj
ðrjÞ ¼ TL

rjþ1
ðrjÞ; TNL

rj
ðrjÞ ¼ TNL

rjþ1
ðrjÞ j ¼ 1; N � 1; ð3:18Þ

Finally, the traction-free condition at the outmost surface
requires:

TL
rN
ðrNÞ ¼ TNL

rN
ðrNÞ ¼ 0: ð3:19Þ

These constitute a set of 4N � 2 equations which permit the
solution for the same number of constants. The 4N � 2 constants
take very complex forms. For a bilayer cylinder, the six constants
are written out explicitly in Appendix B.

4. Numerical results

The objective of the numerical study is to investigate the tun-
ability of the stresses and displacements, particularly the influence
of elastic inhomogeneity, interface positions (or thickness inhomo-
geneity) and dilatation profile. Homogeneous, bilayer and four-
layer cylinders are considered. Unless otherwise stated, the layers
are of equal thickness (rj � rj�1)/r1 = 1, j = 1, N. The elastic constants
used for the numerical results are based on the earlier works (Wu
and Kirchner, 2010, 2011; Catheline et al., 2003) and are listed in
Table 1. For the constants expressed in terms of NkT (typically
10�5–10�2 GPa), N is the number of polymer chains per unit vol-
ume of dry polymer, k the Boltzmann’s constant and T the absolute
temperature. Two different dilatation profiles, step-up and step-
down, are considered.

4.1. Tunable displacement and stresses

Consider a periodic four-layered cylindrical composite with
Layers 1 and 3, and Layers 2 and 4, identical respectively. All layers
are of equal thickness, such that (rj � rj�1)/r1 = 1, j = 1, 4. The elastic
constants are k1 ¼ 3570 NkT , l1 ¼ 1030 NkT , l1 ¼ l2 ¼ 3560 NkT ,
m1 ¼ �2420 NkT; the remaining ones will be varied. The step-up
dilation profile is denoted by #p1 with #1 ¼ 0:1, #2 ¼ 0:2, #3 ¼ 0:3
and #4 ¼ 0:4. Fig. 1 plots the surfaces of constant ur at the outer-
most boundary, i.e., ur(r = r4)/r1 = 1.3, 1.6, 3 in the k2 � l2 �m2

space. Essentially, this quantity typifies the amount of swelling
when subjected to the specific dilatation. Several observations
can be made as follows.

First, the bounds on k2, l2, m2 can be estimated if ur is to lie
within or outside a certain range. For instance, if ur is to be greater
than 1.6, then k2, l2 and m2 should be selected from the space un-
der the middle surface represented by ur(r = r4)/r1 = 1.6. These re-
sults suggest that the elasticity of the gels can be tuned to
achieve a targeted functionality. In practice, gel stiffness can be
Table 1
Elastic constants for Figs. 2–8 (unit for Figs. 2–6 and Fig. 8: NkT, unit for Fig. 7: kPa).

Figure k1 l1 l1 m1

2 3570 1030 �3560 �2420
3 3570 1030 �3560 �2420
4 35700 10.3 �3560 �2420
5 35,700 � 10a 10,300 � 10a �3560 �2420/10a

6 35,700 10,300 �3560 �242
7 22.5 � 106 80 �2 � 106 �2 � 106

8 3570 1030 �3560 �2420
varied over several orders of magnitude via cross-linking, photo-
chemical modulation and other means (Engler et al., 2006; Kloxin
et al., 2010).

Second, the surface shrinks in size and moves towards the ver-
tical m2 axis with increasing swelling. On the smaller and steeper
surfaces, k2, l2 assume small values while m2 may have large val-
ues. High compliance is characterized by small values of k2 and l2

(‘‘linearly soft’’), while high second-order nonlinear compliance is
characterized by large negative values of m2 (‘‘nonlinearly soft’’).
Thus m2, in addition to the second-order elastic constants, can be
effectively used to modify the swelling response. It is also more dif-
ficult to achieve large swelling as the surface shrinks and steepens
with increase in the radial displacement.

Third, Fig. 2 shows the advantage of layer inhomogeneity in a
composite over homogeneity in a single-material cylinder. The
dot in Fig. 2 locates the point where all the elastic constants of Lay-
ers 2 and 4 are identical to those of Layers 1 and 3. The correspond-
ing value of ur(r = r4)/r1 is 1.246 for this homogeneous cylinder. It
appears that larger swelling can be achieved by increasing the
layer inhomogeneity.

Using the same dilatation profile and the same fixed elastic con-
stants as in Fig. 2, the dependence of the interfacial radial stress
Tr(r = r1)/NkT on k2, l2 and m2 is illustrated in Fig. 3. The surfaces
correspond to the stress values of 300, 0 and �300, respectively.
The dot refers to the homogeneous cylinder. The figure shows the-
oretically how both the stress magnitude and sign can be tuned.
The middle surface is a zero radial stress surface, which partitions
the space into tensile and compressive regions. The elastic con-
stants corresponding to zero or small compressive stresses may
be desirable, as tensile stresses encourage interfacial delamination
while large compressive stresses may cause instability of the gel.
k2 l2 l2 m2

�3560
�3560

357 �100,000/�500 �2420
357/10a 103/10a �3560 �242,000 � 10a

357 103 �3560 �24,200
�0.225 � 106 0.8 �2 � 106 �200 � 106

3570 1030 �3560 �2420



Fig. 3. The k2 � l2 �m2 surfaces of equal radial stress Trðr ¼ r1Þ=
NkT ¼ �300; 0; 300 for a four-layer hydrogel cylinder subjected to a dilatation
profile #p1. The dot represents a homogeneous cylinder.

Fig. 5. Variation of the normalized radial displacement at the outer boundary of a
four-layer cylinder subjected to the dilatation profile #p1 with the multiplicative
factor a for the elastic constants. The cylinder is homogeneous when a = �1.
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Within the range of k2, l2 and m2 shown in the figure, it is not
apparent that the surfaces shrink significantly as the radial stress
evolves from tensile to compressive. However, the closer proximity
of the surfaces representing zero and compressive stress implies a
greater stress sensitivity to elastic parameter control in compres-
sion than in tension.

The radial stress at the position of r1 in the homogeneous cylin-
der is tensile, with a magnitude of 356. Thus, the possibility of
using layer inhomogeneity to effectively control the stress magni-
tude and sign is demonstrated in this figure.

By comparing Figs. 2 and 3, It is interesting to note that a larger
swelling is associated with a compressive interfacial radial stress
between Layers 1 and 2. However, the detailed stress characteris-
tics may vary with the form of the dilatation profile and the elastic
constants, as will be shown subsequently.

4.2. Influence of elastic constants

For Fig. 4, a bilayer cylinder is considered. The elastic constants
are given by k1 ¼ 35700 NkT , l1 ¼ 10:3 NkT , l1 ¼ �3560 NkT ,
m1 ¼ �2420 NkT , and k2 ¼ 357 NkT , m2 ¼ �2420 NkT. The applied
dilatation profile is #1 ¼ 0 and #2 ¼ 0:5. The figure plots surface
displacement ur(r = r2)/r1 against l2 for two values of l2, i.e.,
�500 and �100,000 NkT. The results show that l2 can also be used
for controlling the swelling of the composite. The non-monotonous
variation also suggests that a complex coupling exists between the
elastic constants.
Fig. 4. Variation of the normalized radial displacement at the outer boundary with
the shear modulus l2 for different values of l2 in a bilayer hydrogel cylinder.
To illustrate the effect of elastic inhomogeneity, consider a peri-
odic four-layer composite with identical Layers 1 and 3, and identi-
cal Layers 2 and 4, respectively. The layers are of the same thickness:
(rj � rj�1)/r1 = 1, j = 1, 4. The composite is loaded by the step-up
dilatation profile #p1. Fig. 5 plots the outermost displacement
ur(r = r4)/r1 against a multiplicative factor a of the elastic
constants, given by: k1 ¼ 35700� 10a NkT , l1 ¼ 10300� 10a NkT ,
l1 ¼ �3560 NkT , m1 ¼ �2420=10a NkT for Layer 1, and k2 ¼
357=10a NkT , l2 ¼ 103=10a NkT , l2 ¼ �3560 NkT , m2 ¼ �242000�
10a NkT for Layer 2. As a increases from -2 to 0, Layers 1 and 3
become more linearly and nonlinearly stiff, while Layers 2 and 4
become more linearly and nonlinearly soft. It can be seen that the
outermost displacement varies significantly with the elastic inho-
mogeneity. In fact, minimum swelling occurs when a � �1, i.e.,
the composite is almost homogeneous, while larger swelling is
associated with strong layer dissimilarity. These results suggest that
it may be possible to control the swelling by properly designing the
linear and nonlinear elasticity of the different layers of the
composite.

To illustrate the relative importance of the nonlinear and linear
effect, the ratio of nonlinear to linear circumferential stress TNL

u =TL
u

at the surface r = r4 of a periodic four-layer cylinder with equal
layer thickness is plotted against k2, l2, l2, m2 in Fig. 6. The dilata-
tion profile is also #p1. The elastic constants, shown in Table 1,
Fig. 6. Variation of the ratio of nonlinear to linear circumferential stress at the
surface r = r4 with k2, l2; l2 and m2 for a four-layer cylinder subjected to the
dilatation profile #p1.



Fig. 7. Dependence of the surface displacement on r2 and r3 (r1 and r4 = 4r1 fixed)
for a four-layer hydrogel cylinder subjected to the dilatation profile #p1.

Fig. 8. Variation of the normalized (a) radial displacement, (b) radial stress and (c)
circumferential stress with normalized radial coordinate r/r1 in a homogeneous
cylinder subjected to step-up (#p1) and step-down (#p2) dilatation profiles.
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indicate that Layers 2 and 4 are more compliant (linearly and non-
linearly) than Layers 1 and 3. For each curve labeled by the con-
stant k2, l2, l2 or m2, the constant is varied independently,
keeping all the remaining seven constants fixed at the values indi-
cated in Table 1. It can be observed that the stress ratio is rather
large for most values of the varied constants, supporting the intu-
ition that nonlinear components of stresses in soft materials can be
dominant.

4.3. Influence of interface position

The effect of modifying the layer thickness of a periodic four-
layer composite (with Layers 1 and 3, and Layers 2 and 4, identi-
cal in material respectively) is also investigated. Fig. 7 plots the
variation of ur(r = r4)/r1 versus r2/r1 and r3/r1, holding r1 and
r4 = 4r1 fixed. The dilatation profile is #p1. The elastic constants
used for the simulations are suggested by the experimental data
of Catheline et al. (2003) for agar-gelatin (a model for soft-tissue),
in which k is four to five orders of magnitude larger than l. A
maximum in ur occurs when r2=r1 is slightly less than 3 and
r3=r1 is slightly larger than 3. Hence, the composite with maxi-
mum swelling will resemble the configuration indicated in
Fig. 7, which shows the ‘‘near-elimination’’ of the stiff Layer 3,
resulting in a bilayer with unequal layer thicknesses. In contrast,
if a small swelling is desired, Fig. 7 suggests a configuration with
near-elimination of the compliant Layer 4 but with no specific
requirement for the thickness of Layer 2. In general, larger swell-
ing appears to be more easily obtained by changing the layer
thicknesses than the elastic constants (compare Figs. 7 and 2). It
should be mentioned that the dependence of such maximum/
minimum swelling response on the interface positions is also evi-
dent when the values of k and l are comparable.

4.4. Influence of dilatation profile

In order to explore the effect of different dilatation profiles, the
radial displacement, radial stress and circumferential stress are
plotted against the radial coordinate in a homogeneous cylinder,
as shown in Fig. 8. The elastic constants are given in Table 1. The
two dilatation profiles are #p1 and #p2, where the latter is a step-
down profile with #1 ¼ 0:4; #2 ¼ 0:3; #3 ¼ 0:2 and #4 ¼ 0:1. In the
current simulation, the dilatations are constant in the regions
0 6 r 6 r1; r1 6 r 6 r2; r2 6 r 6 r3; r3 6 r 6 r4.

Several observations can be made. First, the radial displacement
and radial stress are both continuous across the dilatation steps,
while the circumferential stress is not. The radial displacement
also changes linearly in each region, with a larger gradient for a lar-
ger dilatation, as shown in Fig. 8(a). The step-up profile also results
in a larger swelling than the step-down profile. Figs. 8(b) and (c)
show that the stresses generated by the two dilatation profiles
are essentially opposite of each other. For instance, the radial stress
produced by a step-down profile is compressive, since the material
in the outer regions expands less than that in the inner regions. In
general, the results show that the stress polarity can be influenced
by the dilation profile alone, keeping in mind that the cylinder is
entirely homogeneous. Hence, the design of a composite cylinder
should take into consideration multiple factors (dilatation profile,
layer elasticities, layer thicknesses) which influence the
displacement and stresses in a coupled and complex manner. The
continuum solutions presented here offer relatively simple ‘‘design
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guidelines’’, which may not be easily obtained by computation-
intensive models such as those based on microstructural details.

5. Conclusions

This paper develops solutions for a multilayered cylindrical gel
subjected to step-up and step-down dilatation profiles in the
framework of second-order elasticity. The displacement and stress
solutions all assume the form of a power law with parameters
dependent on the elastic constants, thickness and the dilation of
each layer. The solutions emphasize the significant role of nonlin-
earity, elastic dissimilarity, layer thickness inhomogenity as well as
the dilatation profile in the elastic fields. In particular, they show
that a rational basis is possible for the mechanics design of com-
plex bio-inspired materials, drug delivery vehicles and soft com-
posites in general. For instance, the development of a multiaxial
stress state conducive to successful cell culture in a bio-mimetic
micro-environment may be established with the assistance of such
theoretical calculations.

Appendix A

The derivation of the Jacobian stated in Eq. (2.6) is outlined
here. Consider a circular tube deforming under the restriction of
circular symmetry, i.e., each point in the tube undergoes a radial
displacement urðrÞ; where r is the radial coordinate in the plane po-
lar coordinate system (r, h). According to Murnaghan (1951), urðrÞ
is replaced by kurðrÞ; where k keeps track of the order of approxi-
mation of the physical quantities. In the linear theory, terms up to
the first power of k are retained, while in the second-order theory,
terms up to the second powers of k are retained.

If a and x(a) denote the position vectors in the undeformed and
deformed states of the sphere, respectively, then their differentials
are:

da ¼
dr

rdh

� �
; dx ¼

dr þ kdur

ðr þ kurÞdh

� �
: ðA:1Þ

It can be easily seen that the differentials are related by the
deformation gradient Ja:

dx ¼ Jada; Ja ¼ diag 1þ ku0r ;1þ
kur

r

� �
; ðA:2Þ

where ‘‘diag’’ denotes a 2 by 2 diagonal matrix and the prime de-
notes a derivative with respect to r. The second part of Eq. (A.2) is
written as Eq. (2.6). The Lagrangian strain E then follows from the
definition given in Eq. (2.7).

Appendix B

The six constants appearing in Eqs. (3.8)–(3.16) for a bilayer
cylindrical composite gel are listed in the following:

A1¼
r2

2ðk2þl2Þð#1k1þ#1l1þ#2l2Þþr2
1l2ð#1k1þ#1l1�#2k2�#2l2Þ

r2
1ðk1�k2þl1�l2Þl2þr2

2ðk2þl2Þðk1þl1þl2Þ
;

ðB:1Þ

A2¼
�r2

2#2ðk2þl2Þðk1þl1þl2Þ�r2
1l2ð#1k1þ#1l1�#2k2�#2l2Þ

r2
1ðk1�k2þl1�l2Þl2þr2

2ðk2þl2Þðk1þl1þl2Þ
;

ðB:2Þ

B2 ¼
r2

2ð#1 � #2Þðk1 þ l1Þðk2 þ l2Þ
r2

1ðk1 � k2 þ l1 � l2Þl2 þ r2
2ðk2 þ l2Þðk1 þ l1 þ l2Þ

; ðB:3Þ

C1 ¼
C11 þ C12 þ C13 þ C14

C1D
; ðB:4Þ
C2 ¼
C21 þ C22

C2D
; ðB:5Þ

D2 ¼
D21 þ D22

D2D
; ðB:6Þ

where:

C11 ¼ �r2
2k2ð4l1r2

2#12 þ 2m1r2
2#

2
1 þ 4B2m2r2

1#2 � 4B2m2r2
2#2

þ 3r2
2#

2
1k1 þ 2B2r2

1#2k2 � 2B2r2
2#2k2 þ 3r2

2#
2
1l1Þ; ðB:7Þ

C12 ¼ B2
2r2

1ðr1 � r2Þðr1 þ r2Þl2ð2m2 þ k2Þ þ 4B2r2
2ð�r2

1

þ r2
2Þ#2l2ðm2 þ 2k2Þ; ðB:8Þ

C13 ¼ �r2
2l2ð4l1ðr2

1 þ r2
2Þ#

2
1 þ 2m1ðr2

1 þ r2
2Þ#

2
1 � 4l2r2

1#
2
2

� 2m2r2
1#

2
2 þ 4l2r2

2#
2
2 þ 2m2r2

2#
2
2 þ 3r2

1#
2
1k1 þ 3r2

2#
2
1k1

� 3r2
1#

2
2k2 þ 3r2

2#
2
2k2 þ 3ðr2

1 þ r2
2Þ#

2
1l1Þ; ðB:9Þ

C14 ¼ 3ðr1 � r2Þðr1 þ r2ÞðB2
2r2

1 � 2B2r2
2#2 þ r2

2#
2
2Þl2

2 þ A2
2ðr1

� r2Þr2
2ðr1 þ r2Þl2ð4l2 þ 2m2 þ 3k2 þ 3l2Þ

� A2
1r2

2ð4l1 þ 2m1 þ 3k1 þ 3l1Þðr2
1l2 þ r2

2k2 þ r2
2l2Þ

þ 2A1r2
2#1ð4l1 þ 2m1 þ 3k1 þ 3l1Þðr2

1l2 þ r2
2k2

þ r2
2l2Þ þ 2A2ðr1 � r2Þr2

2ðr1 þ r2ÞðB2ðk2 þ l2Þð2m2

þ k2 þ 3l2Þ � #2l2ð4l2 þ 2m2 þ 3k2 þ 3l2ÞÞ; ðB:10Þ

C1D ¼ 2r2
1r2

2ðk1 � k2 þ l1 � l2Þl2 þ 2r4
2ðk2 þ l2Þðk1 þ l1 þ l2Þ;

ðB:11Þ

C21 ¼ �B2
2r2

1ðr1 � r2Þðr1 þ r2Þl2ðk1 þ l1 þ l2Þð2m2 þ k2

þ 3l2Þ þ 2B2r2
1r2

2#2ðk1 þ l1Þðk2 þ 2l2Þð2m2 þ k2

þ 3l2Þ þ A2
2r2

2ð�r2
1l2 þ r2

2k1 þ r2
2l1 þ r2

2l2Þðk2

þ 2l2Þð4l2 þ 2m2 þ 3k2 þ l2Þ � 2A2B2r2
1r2

2ðk2

þ 2l2Þðk1 þ l1Þð2m2 þ k2 þ 3l2Þ � 2A2#2r2
2ð�r2

1l2

þ r2
2k1 þ r2

2l1 þ r2
2l2Þðk2 þ 2l2Þð4l2 þ 2m2 þ 3k2 þ 3l2Þ;

ðB:12Þ

C22 ¼ r2
2ðk2 þ 2l2ÞððA1 � #1Þ2r2

1ð4l1 þ 2m1Þl2 þ #
2
2ð�r2

1l2

þ r2
2k1 þ r2

2l1 þ r2
2l2Þð4l2 þ 2m2Þ þ 3#2

2r2
2ðk2 þ l2Þ

� ðk1 þ l1 þ l2Þ þ 3ðA1 � #1Þ2r2
1l2ðk1 þ l1Þ

� 3r2
1l2#

2
2ðk2 þ l2ÞÞ; ðB:13Þ

C ¼ �2r2r2ðk þ 2l Þðk � k þ l � l Þl � 2r4ðk
2D 1 2 2 2 1 2 1 2 2 2 2

þ 2l2Þðk2 þ l2Þðk1 þ l1 þ l2Þ; ðB:14Þ

D21 ¼
ðk2 þ l2Þ
k2 þ 2l2

2r1r2
2ððB

2
2ðk1 þ l1 þ l2Þð2m2 þ k2 þ 3l2Þ

þ 2B2ðA2 � #2Þðk2 þ 2l2Þð2m2 þ k2 þ 3l2Þ þ ðk2

þ 2l2ÞðA1 � #1Þ2ð4l1 þ 2m1 þ 3k1 þ 3l1Þ � ðk2

þ 2l2ÞðA2 � #2Þ2ð4l2 þ 2m2 þ 3k2 þ 3l2ÞÞ; ðB:15Þ

D22¼2r1r2
2ðk1�k2þl1�l2Þ

2B2r2
1#2ð2m2þk2þ3l2Þ

r2
2

�B2
2r4

1l2ð2m2þk2þ3l2Þ
r4

2ðk2þ2l2Þ

 

þðA2�#2Þ2ð4l2þ2m2þ3k2þ3l2Þ�
2A2B2r2

1ð2m2þk2þ3l2Þ
r2

2

�
; ðB:16Þ

D2D ¼ �4r3
1ðk1 � k2 þ l1 � l2Þl2 � 4r1r2

2ðk2 þ l2Þðk1 þ l1 þ l2Þ:
ðB:17Þ
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