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a b s t r a c t

The problem of the simple shear of a block has been treated in terms of a shear
displacement, applied uniformly in a lateral direction and assumed to be a linear function
of the height above the base. In this paper, simple shear is generalized: the shear
displacement is neither uniform in the lateral direction nor necessarily a linear function of
the height. Using second-order isotropic elasticity, the analytical solutions show that the
shear displacements are characterized by the product of sine and hyperbolic sine
functions of the height and depth variables, respectively. The height dependence of the
shear displacement is predicted to be a combination of linear and sinusoidal functions,
and is verified against the test data of agar–gelatin cuboidal blocks. If the gravity effect is
incorporated, a quadratic dependence on height is additionally predicted. The calculation
of stresses reveals the presence of not only negative normal stresses but also sinusoidally
varying shear stresses on the lateral planes tending to distort the block about the height
direction. These results can be of great importance in tissue/cell mechanics.

& 2014 Elsevier Ltd. All rights reserved.
1. Introduction

In nonlinear elasticity, the existence of normal stresses under simple shear has long been recognized (Rivlin, 1948) and so has
the lengthening of a cylinder under pure torsion (Poynting, 1909). There has been a recent interest in the shearing and torsion of
soft materials such as biopolymers and hydrogels, e.g., Storm et al. (2005), Janmey et al. (2007), Kang et al. (2009), Wu and Kirchner
(2010), Destrade and Saccomandi (2010), Destrade et al. (2012), Mihai and Goriely (2011, 2013), and Horgan and Murphy (2011).
A significant finding of some of these works is the existence of negative normal stresses or the negative Poynting effect when
certain soft solids are subjected to shear or torsion. Negative normal stresses occur if the sheared faces of a block are drawn together
under shear, and equivalently the negative Poynting effect occurs if a cylindrical rod shortens under torsion. The shearing of soft
biological materials is common in their physiological environments (Horgan and Murphy, 2011), and understanding of nonlinear
phenomena such as the Poynting effect is of great importance. For instance, the large stresses generated by the Poynting effect can
result in a significant effect on the overall force balance in the cytoskeleton under shear (Janmey et al., 2007), and the Poynting
effect is important in understanding the interaction between surgical instruments and tissues (Misra et al., 2010). In this paper, the
simple shear problem will be generalized and investigated in some detail.

In the strain formulation of the simple shear problem, e.g., Rivlin (1948), the starting point is the deformation of a block
as given by:

x¼ XþκY ; y¼ Y ; z¼ Z ð1:1Þ
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where (X, Y, Z) and (x, y, z) are the referential and current Cartesian coordinates respectively, and κ is the shear deformation.
Murnaghan (1951) also started from Eq. (1.1) in studying simple shear within the framework of second-order elasticity.
Calculation of the stresses then reveals that normal stresses must exist to support such a deformation. Recently, Destrade
et al. (2012) pursued a stress formulation for hyperelastic materials in which the starting point is a uniform shear stress
σ12¼σ21. The resulting deformation is given by:

x¼ λ1Xþλ2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1�λ1

2λ2
�2

q
Y ; y¼ λ2Y ; z¼ λ3Z; ð1:2Þ

where λ1; λ2; and λ3 are the principal stretches. This means that under a pure shear stress the deformation consists of a
simple shear of the type given by Eq. (1.1) and triaxial extensions. Hence, under the strain formulation the resulting stress
field consists of shear stresses and triaxial normal stresses, while under the stress formulation the resulting deformation
field consists of simple shear and triaxial stretches. Mihai and Goriely (2013) considered generalized shear in which Eq. (1.1)
is modified into:

x¼ XþκðYÞ; y¼ Y ; z¼ Z; ð1:3Þ

where κ is now a function of Y. Specifically, κ(Y) is assumed to be of the form of Y2/2, i.e., a quadratic function of Y. Destrade
and Saccomandi (2010) also considered the effect of gravity in the form of a body force �ρ0g (ρ0 is the mass density and g is
the gravitational constant). They took the deformation to be:

x¼ XþuðYÞ; y¼ YþvðYÞ; z¼ Z; ð1:4Þ

where, upon solving the governing equations and assuming the Murnaghan strain energy density, u(Y) was found to be the
sum of linear and quadratic parts.

In this paper, we consider the generalized shear of a block with the X-axis as the shearing direction, the Y-axis the
vertical direction and the Z-axis the depth direction. The deformation is taken to be

x¼ XþuðY ; ZÞ; y¼ YþvðYÞ; z¼ Z; ð1:5Þ

where the specific form for u(Y, Z), under various prescribed displacement profiles at the top of the block, is solved from the
governing equilibrium equations. Two new features of the formulation are noted: u(Y, Z) is not assumed a priori and it could
be a function of Z. The prescribed displacements considered are constant, quadratic and sinusoidal functions of Z. The
dependence of u on Y, i.e., the deformed block shows a curved rather than straight lateral profile, has been noted by
Gardiner and Weiss (2001) during their finite element simulation of the simple shear of soft tissues. The form of this
dependence has been assumed to be quadratic in Eq. (1.3), and predicted to be the sum of linear and quadratic terms in the
gravity formulation of Eq. (1.4). In our work, we will show that, in the absence of gravity, u is the sum of a linear function of Y
and a function of the product sin Y � sinh Z, even if the prescribed displacement at the top of the block is uniform, i.e., u
(Y¼LY, Z)¼constant, where LY is the height of the block. Hence, a block of soft material subjected to a constant shear
displacement at the top surface is curved in both the X–Y and X–Z planes (but not in the Y–Z plane).

We also use the Murnaghan strain energy density as the constitutive law. The gravity effect can also be taken into
account as was done previously by Destrade and Saccomandi (2010). We compare the shape of deformed blocks of agar–
gelatin with the theoretical predictions. Furthermore, we explore the dependence of negative or positive normal stresses on
the elastic constants. The paper is organized into five sections: introduction, formulation, numerical results, discussion and
conclusions.
2. Second-order formulation of the generalized shear of a rectangular elastic block

2.1. Definition of problem

We consider a homogeneous isotropic rectangular block of dimensions LX, LY and LZ under generalized shear and gravity
as shown in Fig. 1(a). In reference Cartesian coordinates (X, Y, Z), the shear displacement is assumed to be ðU;V ;0Þ, so that
the final coordinates (x, y, z) are given by ðXþU;YþV ; ZÞ. Here U ¼ u1ðY ; ZÞþku2ðY ; ZÞdenotes the shear displacement in the
X-direction, with u1 and u2 representing the linear and nonlinear components, respectively. U is taken to be a function of
both Y and Z, allowing for the possibility of a non-uniform (generalized) shear which might exist in a complex setting such
as a physiological environment. Similarly,V ¼ v1ðYÞþkv2ðYÞ denotes the displacement in the Y-direction resulting from
gravity, with v1 and v2 denoting the linear and nonlinear components. However, V is solely a function of Y as this is the
direction of gravity. If gravity is neglected, V¼0. Note also that k is a marker indicating the order of approximation of the
theory. In the subsequent formulation, we retain terms up to k2 for second-order theory.

Fig. 1(b) shows the possible deformed configuration of the block, which is fixed to the bottom plane Y¼0, and subjected
to prescribed displacement at the top face Y¼LY. The linear part of the prescribed displacement is proportional to Y, and the
nonlinear part is described by any g(Z) which is symmetric with respect to Z¼LZ/2. Furthermore, we prescribe a moment
MxZ about the Z-axis, which is associated with an induced out-of-plane shear.



Fig. 1. (a) A homogeneous isotropic rectangular block of dimensions LX, LY and LZ at the undeformed state. (b) The block deformed under generalized shear.
The prescribed displacement at the top face Y¼LY consists of the linear part u1(LY) and the nonlinear part u2(Y¼LY, Z)¼g(Z). The lateral profile of the block,
or the deformed shaped of the four vertical edges of the box, can be written as u1(Y)þ f(Y).
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2.2. Governing equations

The governing equations are the equilibrium equations in the first Piola–Kirchoff stress. The stress components are
expressed in terms of displacements via the second-order constitutive relations. The solutions to the governing equations
are therefore displacements, the second-order parts of which are not polynomials, as will be shown in the subsections to
follow. The second-order elasticity model is first briefly reviewed in Section 2.2.1, and the equilibrium equations in Section 2.2.2.
The solutions in the absence of gravity are derived in Section 2.3, with particular solutions for various prescribed displacements
given in Section 2.4. Finally, the solutions in the presence of gravity are listed in Section 2.5.

2.2.1. Second-order elasticity model
The differentials of position vectors in the undeformed and deformed states are respectively:

dX

dY

dZ

0
B@

1
CA;

dX þ k ∂u1
∂Y dY þ ∂u1

∂Z dZ
� �þ k2 ∂u2

∂Y dY þ ∂u2
∂Z dZ

� �
dY þ kdv1 þ k2dv2

dZ

0
BB@

1
CCA: ð2:1Þ
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The deformation gradient F can then be written as:

F¼
1 k

∂u1

∂Y
þk2

∂u2

∂Y
k
∂u1

∂Z
þk2

∂u2

∂Z

0 1þk
dv1
dY

þk2
dv2
dY

0

0 0 1

0
BBBB@

1
CCCCA; ð2:2Þ

where partial derivatives are used for u1 and u2. In comparison, the deformation gradient F in previous works (Horgan and
Murphy, 2011; Gardiner and Weiss, 2001; Mihai and Goriely, 2013) take the form:

F¼
a κ 0
0 b 0
0 0 c

0
B@

1
CA; ð2:3Þ

where a, b, and c are constants, and κ is a constant or a function of y which represents the shear. Destrade and Saccomandi
(2010) considers gravity and F takes the form:

F¼
1

duðYÞ
dY

0

0 1þdwðYÞ
dY

0

0 0 1

0
BBBB@

1
CCCCA; ð2:4Þ

where u and w represent the shear displacement and displacement caused by gravity, respectively. In our formulation, F in
Eq. (2.1) contains an additional term kð∂u1=∂ZÞþk2ð∂u2=∂ZÞ, which exists because the shear displacement is a function of
both Y and Z.

The energy density W of Murnaghan (1951) is

W ¼ λþ2μ
2

J21�2μJ2þ
lþ2m

3
J31�2mJ1J2þnJ3; ð2:5Þ

where λ and μ are the second-order and l, m, n the third-order elastic constants, respectively, and J1, J2, and J3 are the strain
invariants of the Lagrangian strain E:

J1 ¼ E1þE2þE3; J2 ¼ E1E2þE2E3þE3E1; J3 ¼ E1E2E3: ð2:6Þ

The Lagrangian strain is expressed in terms of the deformation gradient as:

E¼ 1
2
ðFnF�IÞ; ð2:7Þ

where I is the identity and the asterisk denotes the transpose. The first Piola–Kirchhoff stress (relating forces in the current
configuration to area vectors in the undeformed configuration, and generally non-symmetric) is defined as

T¼ F
∂W
∂E

¼ FðλJ1Iþ2μEþðlJ21�2mJ2ÞIþ2mJ1Eþn co EÞ; ð2:8Þ

where co E is the cofactor matrix.
2.2.2. Equilibrium equations
The Lagrangian equilibrium equations in Cartesian coordinates can be written as

∂TxX

∂X
þ∂TxY

∂Y
þ∂TxZ

∂Z
¼ 0;

∂TyX

∂X
þ∂TyY

∂Y
þ∂TyZ

∂Z
�ρ0g¼ 0;

∂TzX

∂X
þ∂TzY

∂Y
þ∂TzZ

∂Z
¼ 0;

ð2:9Þ

where ρ0 is the mass density in the reference configuration. The notation for the stress components is exemplified by TxX,
which means the stress acting in the x-direction on an element surface with X as the direction of the normal vector.
Tensorially, the first Piola–Kirchhoff stress T¼ TaBea � EB, where TaBare the components and ea; EBare the basis vectors in
the deformed and reference configurations. Substituting the stresses from Eq. (2.8) into Eq. (2.9) yields the following two
first-order and three second-order equations:

kμ
∂2u1

∂Y2 þ∂2u1

∂Z2

� �
¼ 0; ð2:10Þ
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k2

1
2
ð2λþ2m�nÞv10

∂2u1

∂Z2 þðλþ2μþmÞv1″
∂u1

∂Y
þðλþ2μþmÞv10

∂2u1

∂Y2 þ

μ
∂2u2

∂Y2 þ∂2u2

∂Z2

� �
0
BBB@

1
CCCA¼ 0; ð2:11Þ

kððλþ2μÞv1″�gρ0Þ ¼ 0; ð2:12Þ

1
4
k2ðð4m�nÞ∂u1

∂Z
∂u2

1
∂Y ∂Z

þ4ðλþ2μþmÞ∂u1

∂Y
∂u2

1

∂Y2 þ4ðλþμÞ∂u1

∂Z
∂u2

1
∂Y ∂Z

þð4μþnÞ∂u1

∂Y
∂u2

1

∂Z2 þ4ðλþ2μÞv2″þ4v10v2″ð3λþ2lþ6μþ4mÞÞ ¼ 0;
ð2:13Þ

1
4
k2

∂u1

∂Y
∂u2

1
∂Y ∂Z

ð4λþ4μþ4m�nÞþ∂u1

∂Z
4ðλþ2μþmÞ∂u

2
1

∂Z2þð4μþnÞ∂u
2
1

∂Y2

� �� �
¼ 0: ð2:14Þ

The third first-order equation, which arises from the third of Eq. (2.9), is identically zero. Also, v1 00 in Eq. (2.12) denotes the
second-order derivative of v1 with respect to Y. Further note that Eq. (2.10) is the Laplace equation, Eq. (2.12) is a second-
order ordinary differential equation, while the remaining appear to be rather complicated partial differential equations. The
displacement u2 appears only in Eq. (2.11).

2.3. General solutions without gravity

In this section, the general solutions of a rectangular block under generalized shear without gravity are obtained. Thus,
v1ðYÞ ¼ v2ðYÞ ¼ 0 and Eqs. (2.10)–(2.14) reduce to the following four equations:

kμ
∂2u1

∂Y2 þ∂2u1

∂Z2

� �
¼ 0; ð2:15Þ

k2μ
∂2u2

∂Y2 þ∂2u2

∂Z2

� �
¼ 0; ð2:16Þ

1
4
k2

∂u1

∂Z
∂2u1

∂Y ∂Z
ð4λþ4μþ4m�nÞþ4ðλþ2μþmÞ∂u1

∂Y
∂2u1

∂Y2 þð4μþnÞ∂u1

∂Y
∂2u1

∂Z2

� �
¼ 0; ð2:17Þ

1
4
k2 ð4λþ4μþ4m�nÞ∂u1

∂Y
∂2u1

∂Y ∂Z
þ4ðλþ2μþmÞ∂u1

∂Z
∂2u1

∂Z2 þð4μþnÞ∂
2u1

∂Y2

∂u1

∂Z

� �
¼ 0: ð2:18Þ

We apply displacement and force boundary conditions in solving these equations, as shown below.

2.3.1. Application of displacement boundary conditions
The first- and second-order displacements are solved from the governing equations with displacement boundary

conditions. The linear displacement u1 can be solved from Eqs. (2.15), (2.17) and (2.18) as

u1 ¼ α1Yþα2Z; ð2:19Þ
where α1 and α2 are constants. This solution represents simple shear in the first-order theory. Assuming that u1 is a
symmetric function of Z, we retain only the Y dependence so that u1 ¼ αY with the linear shear strain α a constant. α can be
determined from prescribed linear displacements at the top and bottom faces, i.e., u1ðLY ; ZÞ ¼ αLY and u1ð0; ZÞ ¼ 0 so that
α¼ u1ðLY ; ZÞ=LY . For the nonlinear displacement u2, it can be solved from the Laplace Equation Eq. (2.16) with the following
boundary conditions on the bottom and top faces (Y¼0, LY,):

u2ð0; ZÞ ¼ 0; ð2:20Þ

u2ðLY ; ZÞ ¼ gðZÞ; ð2:21Þ
i.e., the bottom face is fixed and g(Z) is the nonlinear shear deformation prescribed at the top Y¼LY. Furthermore, we define

u2ðY ;0Þ ¼ u2ðY ; LZÞ ¼ f ðYÞ; ð2:22Þ
where f(Y) is the nonlinear deformation of the block at Z¼0 and LZ, respectively; The shape f(Y), which illustrates how the
block deflects in the X–Y plane, will be predicted. The second-order displacement u2 can then be obtained as:

u2ðY ; ZÞ ¼ ∑
1

j ¼ 1
Aj sin

jπY
LY

� �
sinh

jπðLZ�ZÞ
LY

� �
þ ∑

1

j ¼ 1
Bj sin

jπY
LY

� �
sinh

jπZ
LY

� �
þ ∑

1

j ¼ 1
Dj sinh

jπY
LZ

� �
sin

jπZ
LZ

� �
; ð2:23Þ
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where

Aj ¼ Bj ¼
2

LY sinh jπLZ=LY
� � Z LY

0
f ðYÞ sin jπY

LY

� �
dY ; ð2:24Þ

and

Dj ¼
2

LZ sinh jπLY=LZ
� � Z LZ

0
gðZÞ sin jπZ

LZ

� �
dZ: ð2:25Þ

This solution is symmetric about Z¼LZ/2. The aim is to obtain f(Y) for various prescribed top face displacements g(Z). For a
given g(Z), the Fourier coefficients Dj can be calculated directly via Eq. (2.25). The other coefficients Aj can be solved via force
and moment boundary conditions (see below). With Aj determined, Eq. (2.24) is essentially an integral equation in the
unknown f(Y).

2.3.2. Application of force and moment boundary conditions
The particular force and moment boundary conditions to be considered depend on the problem to be solved. From the

components of the first Piola–Kirchoff stress (symmetric for this case), which can be deduced from Eq. (2.8):

T¼

1
2
k2α2ðmþλþ2μÞ kαμþk2μ

∂u2

∂Y
k2μ

∂u2

∂Z

kαμþk2μ
∂u2

∂Y
1
2
k2α2ðmþλþ2μÞ 0

k2μ
∂u2

∂Z
0

1
4
k2α2ð2m�nþ2λÞ

0
BBBBBB@

1
CCCCCCA
; ð2:26Þ

it can be seen that all the normal stresses and the shear stress TxZ are second-order whereas the shear stress TxY consists of
both first- and second-order parts. The normal components can be positive or negative; for many biogels mþλþ2μ is
positive (Wang and Wu, 2014), which corresponds to negative normal stresses (Janmey et al., 2007). These normal stresses
are necessary for maintaining the deformation of the generalized shear. The stress TxY on the Y-faces (top and bottom) gives
rise to resultant forces and moments, and so do TxZ on the Z-faces (front and back). The nonlinear displacement u2, which
appears as derivatives in TxY and TxZ, can be derived for particular force and moment boundary conditions. To illustrate this,
we consider the following set of boundary conditions:

(BC 1). The shear forces on the Y-faces (top and bottom) are FxY, which corresponds to the prescribed displacements
u1ð0; ZÞ;u1ðLY ; ZÞ and u2ð0; ZÞ, u2ðLY ; ZÞ.
(BC 2). No shear forces are applied on the Z-faces (front and back).
(BC 3). The moments prescribed on the Z-faces are MxZ.

Moments may exist because of the existence of second-order shear stresses. Mathematically, the above boundary
conditions can be written as:Z

TxY dX dZ ¼ FxY ; on Z ¼ 0; LZ ; ð2:27Þ

Z
TxZ dX dY ¼ FxZ ; on Z ¼ 0; LZ ; ð2:28Þ

Z
TxZðZ ¼ 0ÞY dX dY�

Z
TxZðZ ¼ LZ ÞY dX dY ¼MxZ ; on Z ¼ 0; LZ : ð2:29Þ

The existence of MxZ (which is not identically zero) implies that a constraint against rotation about the Z-axis exists. In the
experiments we carried out, rotation about the Z-axis was prevented, thus inducing a moment about that axis. This is
analogous to the Poynting effect, in which the block expands or contracts under simple shear (equivalently a cylinder
extends or shortens under torsion); otherwise if the block is constrained it will experience a normal stress. We note that the
effect associated with MxZ does not exist under simple shear, for which TxZ does not exist.

Using the displacement expressions of Eq. (2.23) to evaluate the stresses of Eq. (2.26), and substituting the resulting
stresses into Eqs. (2.27)–(2.29) yields

Z
TxY dX dZ ¼

kαμLXLZþk2μ ∑
1

j ¼ 1
LX 2Aj �1þ cosh

jπLZ
LY

� �� �
þDjð1�ð�1ÞjÞ

� �
¼ FxY ; ðY ¼ 0Þ

kαμLXLZþk2μ ∑
1

j ¼ 1
LX 2Ajð�1Þj �1þ cosh

jπLZ
LY

� �� �
þDjð1�ð�1ÞjÞcosh jπLY

LZ

� �� �
¼ FxY ; ðY ¼ LY Þ

8>>>><
>>>>:

9>>>>=
>>>>;
;

ð2:30Þ
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Z
TxZ dX dY ¼

k2μ ∑
1

j ¼ 1
LX ð�1þð�1ÞjÞAj cosh

jπLZ
LY

� �
�1

� �
þDj �1þ cosh

jπLY
LZ

� �� �� �
¼ 0; ðZ ¼ 0Þ

k2μ ∑
1

j ¼ 1
LX ð�1þð�1ÞjÞAj 1� cosh

jπLZ
LY

� �� �
þDjð�1Þj �1þ cosh

jπLY
LZ

� �� �� �
¼ 0; ðZ ¼ LZÞ

8>>>><
>>>>:

9>>>>=
>>>>;
; ð2:31Þ

Z
TxZ ðZ ¼ 0ÞY dX dY�

Z
TxZ ðZ ¼ LZÞY dX dY

¼ k2μ 2 ∑
1

j ¼ 1
AjLXLY ð�1Þj cosh

jπLZ
LY

�1
� �

� ∑
1

j ¼ 1

LX
jπ
Dj � jπLY cos

jπLY
LZ

þLZ sin
jπLY
LZ

� �
ðcoshðjπÞ�1Þ

 !
¼MxZ ; ð2:32Þ

where Aj and Dj are given in Eqs. (2.24) and (2.25). It can be seen that FxY in Eq. (2.30) contains both linear (k) and nonlinear
terms (k2). Hence, we take FxY ¼ kF1þk2F2. Eqs. (2.30) and (2.31) can be written out, after some elementary rearrangement,
as the following four equations:

kαμLXLZþk2μLX ∑
1

j ¼ 1;3;5
2Aj �1þ cosh

jπLZ
LY

� �� �
þ2Dj

� �
þk2μLX ∑

1

j ¼ 2;4;6
2Aj �1þ cosh

jπLZ
LY

� �� �� �
¼ kF1þk2F2 ð2:33Þ

kαμLXLZþk2μLX ∑
1

j ¼ 1;3;5
�2Aj �1þ cosh

jπLZ
LY

� �� �
þ2Dj cosh

jπLY
LZ

� �� �

þk2μLX ∑
1

j ¼ 2;4;6
2Aj �1þ cosh

jπLZ
LY

� �� �� �
¼ kF1þk2F2; ð2:34Þ

k2μLX ∑
1

j ¼ 1;3;5
2Aj cosh

jπLZ
LY

� �
�1

� �
¼ k2μLX ∑

1

j ¼ 1;3;5
Dj cosh

jπLY
LZ

� �
�1

� �
; ð2:35Þ

k2μ ∑
1

j ¼ 2;4;6
LX Dj �1þ cosh

jπLY
LZ

� �� �� �
¼ 0: ð2:36Þ

From Eq. (2.36), which involves summation over even values of n, it can be seen that Dj¼0. Eq. (2.25) then shows that g(Z)
must be symmetric to Z¼LZ/2. As we restrict our study to symmetric prescribed displacement, we restrict to the case of
Dj¼0 for n even. Substituting the above Eq. (2.35) into Eqs. (2.33) and (2.34) leads to the same equation with its linear and
nonlinear parts shown below:

kF1 ¼ kαμLXLZ ¼ kμu1ðLY ; ZÞLXLZ=LY ; ð2:37Þ

k2 F2�μLX ∑
1

j ¼ 1;3;5
Dj cosh

jπLY
LZ

þ1
� � !

¼ k2μLX ∑
1

j ¼ 2;4;6
2Aj �1þ cosh

jπLZ
LY

� �� �� �
: ð2:38Þ

It can be seen that Eq. (2.37) is the solution for simple linear shear, in which the strain α is proportional to the stress
F1=LXLZwith the coefficient of shear modulus μ. From Eqs. (2.32), (2.35) and (2.38), F2 can be solved in terms of the
prescribed MxZ and Dj (known from prescribed displacement, see Eq. (2.25)):

F2 ¼
MxZ

LY
þμLX ∑

1

j ¼ 1;3;5
Dj cosh

jπLY
LZ

� �
þ ∑

1

j ¼ 1

μLX
jπLY

Dj � jπLY cos
jπLY
LZ

þLZ sin
jπLY
LZ

� �
ðcoshðjπÞ�1Þ: ð2:39Þ

Aj for j odd and even can be determined separately from Eqs. (2.35) and (2.38). When j is odd, if Eq. (2.35) is satisfied for
every j, then Aj can be derived as:

Aj ¼
DjðcoshðjπLY=LZÞ�1Þ
2ðcoshðjπLZ=LY Þ�1Þ : ð2:40Þ

When j is even, Eq. (2.38) can be used to determine Aj. Aj will be determined in next section.
Using the orthogonality of sine functions, Eq. (2.24) can be inverted to yield:

f ðYÞ ¼ ∑
1

j ¼ 1
Aj sinh

jπLZ
LY

sin
jπY
LY

¼ ∑
1

j ¼ 1;3;5
Aj sinh

jπLZ
LY

sin
jπY
LY

þ ∑
1

j ¼ 2;4;6
Aj sinh

jπLZ
LY

sin
jπY
LY

: ð2:41Þ

It can be seen that f(Y), which gives the shape of the block when viewed along the Z-direction, is a superposition of sine
curves. Substituting Eq. (2.40) into Eq. (2.23), u2 can be obtained. Thus the shear displacement U can be written as:

U ¼ u1ðYÞþu2ðY ; ZÞ ¼ αYþ ∑
1

j ¼ 1;3;5

DjðcoshðjπLY=LZ Þ�1Þ
2ððcosh jπLZ=LY Þ�1Þð sin ðjπY=LY ÞsinhðjπðLZ�ZÞ=LY Þþ sin ðjπY=LY ÞsinhðjπZ=LY ÞÞ

� �

þ ∑
1

j ¼ 1;3;5
Dj sinhðjπY=LZÞ sin ðjπZ=LZÞ
� �þ ∑

1

j ¼ 2;4;6
Ajð sin ðjπY=LY ÞsinhðjπðLZ�ZÞ=LY Þþ sin ðjπY=LY ÞsinhðjπZ=LY ÞÞ: ð2:42Þ

In order to calculate Aj, g(Z) should be given. Different shear displacements g(Z) are considered next.
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2.4. Solutions to particular problems

In this section, various shear displacements in the X-direction at the top face of the block are imposed. The prescribed
displacementUðLY ; ZÞ is the sum of a linear part and a nonlinear part, i.e., UðLY ; ZÞ ¼ u1ðLY Þþu2ðLY ; ZÞ ¼ u1ðLY ÞþgðZÞ. Different
constant values of u1ðLY Þ and different functions g(Z) can be prescribed. Three different forms of g(Z) are chosen, as
represented by constant, quadratic and sine functions. The generalization to a non-constant g(Z) allows for the possibility of
a more complex boundary condition, e.g., constraints to the edges of the top face of the block may prevent a uniform
displacement. In the experiment study, however, we chose a constant g(Z) for simplicity. For these three functions, the
lateral profile f(Y) and the total displacement U(Y, Z) everywhere in the block are derived in the three subsections to follow.

2.4.1. Constant shear displacement
In the first problem, gðZÞ is chosen as gðZÞ ¼ β, where β is a constant. Substituting gðZÞ ¼ β into Eq. (2.25), Dj can be

obtained as:

Dj ¼
2β

jπ sinhðjπLY=LZ Þ
ð1�ð�1ÞjÞ: ð2:43Þ

Substituting Eq. (2.43) into Eq. (2.38) yields

μLX ∑
1

j ¼ 2;4;6
½2Ajð�1þ coshðjπLZ=LY ÞÞ� ¼ F2�μLX ∑

1

j ¼ 1;3;5;:::

4β
jπ

ð1þ coshðjπLY=LZÞÞ
sinhðjπLY=LZ Þ

: ð2:44Þ

Since lim
j-1

ð1þ coshðjπLY=LZ ÞÞ= sinhðjπLY=LZÞ ¼ 1 and ∑1
j ¼ 1;3;5;:::1=j does not converge, Eq. (2.44) does not converge, unless

β¼0. Thus, β¼0, which implies that in the second-order model we cannot prescribe a constant nonlinear displacement on
the top face. Also, Eq. (2.43) shows that Dj¼0 for j both odd and even.

Next, consider j odd. Eq. (2.40) then becomes

Aj ¼
DjðcoshðjπLY=LZÞ�1Þ
2ððcosh jπLZ=LY Þ�1Þ ¼ 0: ð2:45Þ

Since Aj¼0 for j odd, f(Y) consists of only even terms, and from Eq. (2.41)

f ðYÞ ¼ ∑
1

j ¼ 1
Aj sinh

jπLZ
LY

sin
jπY
LY

¼ ∑
1

j ¼ 2;4;6
Aj sinh

jπLZ
LY

sin
jπY
LY

: ð2:46Þ

In principle, Aj can be determined from minimization of the strain energy of the block subject to the constraint Eq. (2.38).
Aj decreases rapidly with j because of the presence of the hyperbolic sine term in Eq. (2.46). On the other hand, our
experimental results show that the second-order displacement of the side of the block is approximated well by a complete
one-period sine curve. Hence, we choose Aj ¼ 0; ja2, and A2 can then be solved from Eq. (2.38) as:

A2 ¼
F2�μLX∑1

j ¼ 1;3;5DjðcoshðjπLY=LZÞþ1Þ
2μLXðcoshð2πLZ=LY Þ�1Þ ; ð2:47Þ

which, since Dj¼0, reduces to

A2 ¼
F2

2μLXðcoshð2πLZ=LY Þ�1Þ: ð2:48Þ

The force F2 is determined from Eq. (2.39) as:

F2 ¼
MxZ

LY
: ð2:49Þ

The final form of f ðYÞ is thus:

f ðYÞ ¼ MxZ

2μLXLY ððcosh 2πLZ=LY Þ�1Þ sinh
2πLZ
LY

sin
2πY
LY

; ð2:50Þ

and the total shear displacement in Eq. (2.42) becomes

U ¼ u1ðYÞþu2ðY ; ZÞ ¼
u1ðLY Þ
LY

Yþ MxZ

2μLXLY ððcosh 2πLZ=LY Þ�1Þ sinh
2πðLZ�ZÞ

LY
þ sinh

2πZ
LY

� �
sin

2πY
LY

: ð2:51Þ

The above result is a second-order solution for a block subjected to a prescribed constant top face displacement
u1ðLY Þþβ¼ u1ðLY Þ and a prescribed constant moment MxZ about the Z-axis. For these boundary conditions, the lateral
profile is a sine curve (nonlinear shear displacement) superimposed on a straight line (linear shear displacement). There is
also a hyperbolic sine dependence on Z even though the prescribed displacement is uniform at the top face. This is a
consequence of the requirement of the equilibrium equation which reduces to the Laplace equation.
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2.4.2. Parabolic shear displacement
In the second problem, gðZÞ is chosen as gðZÞ ¼ γZðLZ�ZÞ=LZ , where γ is an arbitrary constant. This is a parabolic profile,

symmetric about Z¼LZ/2. Dj can be obtained using Eq. (2.25) as:

Dj ¼
4γLZ

j3π3 sinhðjπLY=LZÞ
ð1�ð�1ÞjÞ: ð2:52Þ

Using Eqs. (2.52), (2.40) becomes, for j odd

Aj ¼
DjðcoshðjπLY=LZÞ�1Þ
2ðcoshðjπLZ=LY Þ�1Þ ¼

4γLZ
j3π3 sinhðjπLY=LZ Þ

ðcoshðjπLY=LZÞ�1Þ
ðcoshðjπLZ=LY Þ�1Þ: ð2:53Þ

For j even, Aj should satisfy Eq. (2.38). The form of f(Y), from Eq. (2.41), is thus

f ðYÞ ¼ ∑
1

j ¼ 1;3;5

4γLZ
j3π3 sinhðjπLY=LZ Þ

ðcoshðjπLY=LZ Þ�1Þ
ðcoshðjπLZ=LY Þ�1Þ sinh

jπLZ
LY

sin
jπY
LY

 !
þ ∑

1

j ¼ 2;4;6
Aj sinh

jπLZ
LY

sin
jπY
LY

: ð2:54Þ

The total shear displacement U can be obtained by substituting the corresponding Dj and Aj into Eq. (2.42). The form of
Eq. (2.54), which satisfies the equilibrium equation, shows that f(Y) is in general a superposition of harmonics. The first part
on the right-hand side of Eq. (2.54) can be summed numerically over odd values of j until convergence is reached. For the
second part, it may only be necessary to sum over a finite number of even terms, and the values of Aj can be determined by
comparing with the experimental profile, subject to the constraint of Eq. (2.38).

2.4.3. Sinusoidal shear displacement
In the final problem, gðZÞ is chosen as gðZÞ ¼ γ sin πZ=LZ , where γ is an arbitrary constant. Dj can be obtained using

Eq. (2.25) as:

D1 ¼
γ

sinhðπLY=LZ Þ
; Dj ¼ 0 ðja1Þ: ð2:55Þ

Substituting the above Dj into Eq. (2.40), Aj for j¼1 can be obtained as:

A1 ¼
D1ðcoshðπLY=LZ Þ�1Þ
2ðcoshðπLZ=LY Þ�1Þ ¼ γðcoshðπLY=LZÞ�1Þ

2ðcoshðπLZ=LY Þ�1ÞsinhðπLY=LZ Þ
; ð2:56Þ

with A3, A5, A7, etc. all equal to zero. For j even, Aj should satisfy Eq. (2.38). The form of f(Y) can be obtained from Eq. (2.41) as

f ðYÞ ¼ γðcoshðπLY=LZÞ�1Þ
2ðcoshðπLZ=LY Þ�1ÞsinhðπLY=LZ Þ

sinh
πLZ
LY

sin
πY
LY

þ ∑
1

j ¼ 2;4;6
Aj sinh

jπLZ
LY

sin
jπY
LY

: ð2:57Þ

As for the other cases, the total shear displacement U can be obtained by substituting the corresponding Dj and Aj into Eq. (2.42).

2.5. Solutions for generalized shear with gravity

In this section, the solutions of a rectangular block subjected to a constant shear displacement δ on the top face in the
presence of gravity g are presented. The equilibrium equations are given by Eqs. (2.10)–(2.14). Specifically, Eq. (2.11) for u2
reduces to a Poisson equation, instead of a Laplace equation. The solutions can be obtained by solving Eqs. (2.10)–(2.14) with
the following boundary conditions:
(BC 1). The prescribed displacements on the Y-faces (top and bottom) are δ and zero respectively.
(BC 2). No shear forces are applied on the Z-faces (front and back).
(BC 3). The moments prescribed on the Z-faces are MxZ.
Using similar procedures, it can be shown that the lateral profile f(Y) can be written as

f ðYÞ ¼ MxZ

2μLXLY ððcosh 2πLZ=LY Þ�1Þ sinh
2πLZ
LY

sin
2πY
LY

�αgρ0ðλþ2μþmÞ
2ðλþ2μÞμ Y2; ð2:58Þ

where the linear shear strain α is

α¼ δ

LY �ððρ0gðλþ2μþmÞÞ=ð2ðλþ2μÞμÞÞL2Y
: ð2:59Þ

The total shear displacement U is

U ¼ αYþ MxZ

2μLXLY ðcoshð2πLZ=LY ÞÞ�1
sinh

2πðLZ�ZÞ
LY

þ sinh
2πZ
LY

� �
sin

2πY
LY

�αgρ0ðλþ2μþmÞ
2ðλþ2μÞμ Y2; ð2:60Þ



Fig. 2. Deformed and undeformed states for a rectangular block under generalized shear. The prescribed nonlinear displacement g(Z) at the top face is assumed to
be (a) constant, (b) quadratic, and (c) sinusoidal. The maximum shear displacements at the top and the applied momentsMxZ on the Z¼0, LZ faces are the same in all
three cases.

D. Wang, M.S. Wu / J. Mech. Phys. Solids 70 (2014) 297–313306



D. Wang, M.S. Wu / J. Mech. Phys. Solids 70 (2014) 297–313 307
By comparing Eqs. (2.58) and (2.60) with Eqs. (2.50) and (2.51), it can be seen that gravity has an additional effect,
represented by �αgρ0ðλþ2μþmÞY2=2ðλþ2μÞμ, on the lateral profile and the shear displacement. The lateral profile takes the
form of a straight line superimposed by a sine curve and a parabolic curve. In contrast, Destrade and Saccomandi (2010)
showed that under gravity the lateral profile is a straight line superimposed by a parabolic curve only. This difference arises
because we have taken U to be a function of both Y and Z whereas they have taken it to be a function of Y only.
3. Numerical examples and experiments

In this section, we illustrate the key findings of the paper through numerical examples. Specifically, we show that if
gravity is neglected: (a) the nonlinear displacement within the block can be described by the superposition of the products
of hyperbolic sine functions of the depth Z and sine functions of the height Y, (b) the lateral profile of the deformed block
under shear can be described by the superposition of a straight line and a complete (one-period) sine curve, (c) an out-of-
plane shear stress TxZ is induced, which further distorts the block, and (d) normal stresses are also induced, which
demonstrates the Poynting effect or the dilation/shrinking of the block. Simple experiments have also been conducted to
show that the lateral profile is well-approximated by theory.
3.1. Theoretical predictions of the shape of the deformed block

Fig. 2(a)–(c) show the predicted shapes of a block when subjected to three different prescribed shear displacements
on Y¼LY: constant, parabolic and sinusoidal, respectively. For all three cases, the block dimensions are LX¼0.024 m,
LY¼0.072 m and LZ¼0.020 m, and the prescribed moment MxZ=μ¼ �7:29� 10�6 m3. The prescribed displacements for
Fig. 2(a)-(c) are given by u1(LY)¼0.04 m and g(Z)¼0, u1(LY)¼0.03 m and g(Z)¼2Z (LZ –Z)/LZ, and u1(LY)¼0.03 m and
gðZÞ ¼ 0:01 sin ðπZ=LZÞ, respectively. The maximum shear displacements in all three cases equal 0.04 m. All the results are
generated with A4¼A6 ¼…..¼0, with A2 calculated from MxZ using Eqs. (2.38) and (2.39).

It can be seen that the deformed shapes are curved with respect to both the X–Y and X–Z planes, including that under a
constant prescribed shear displacement, although the curvature is not that obvious in the X–Ζ plane. The curvature in the
X–Ζ plane has its origin in the hyperbolic sine term, while that in the X–Y plane reflects the sine term. The sin 2πY/LY term
results in a point of inflection in the lateral profile, which differs from what a Y2 dependence would predict.
Fig. 3. Rectangular blocks of agar–gelatin gel, with LX¼0.024 m, LY¼0.072 m, and LZ¼0.014 m, subjected to the constant shear displacement (a) 0.016 m
and (b) 0.029 m at the top faces. Each block was gripped at the top and the bottom was sheared rightward. The theoretical lateral profiles are shown as
dashed lines. Agreement between theory and experiments is good, with some noticeable discrepancy in the case of the larger prescribed shear.



Fig. 4. Shear displacement of (a) vertically standing and (b) horizontally lying gels. The dashed lines are the theoretical predictions. The effect of gravity is
highlighted in (a). However, significant nonlinearity and the Poynting effect may also have resulted in a discrepancy, as shown in (b), where gravity plays a
minor role.
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3.2. Experimental and theoretical studies of the lateral profile of the deformed block

To verify the lateral profile f(Y), we carried some simple experiments using an edible agar–gelatin consumed as a dessert.
This was easily made by dissolving different amounts of the powder in water, resulting in soft blocks of various densities.
Figs. 3 and 4 show a gel made by dissolving 300 g of powder into 1.25 and 1 l of water, respectively. The experiments were
carried out for a prescribed uniform shear: the bottom face was encased in a holder and moved rigidly to the right while
holding the upper face in an immovable holder.

Fig. 3 compares the shapes of the block subjected to two different uniform shear displacements. The block dimensions
are LX¼0.024 m, LY¼0.072 m, LZ¼0.014 m. The prescribed total displacements are 0.016 m and 0.029 m, for Fig. 3(a) and (b),
respectively. The lateral profiles are as shown in the photos contained in Fig. 3. They look similar to the predicted profile
shown in Fig. 2(a), i.e., a superposition of a straight line and a complete sine curve with a point of inflection. The
experimental lateral profiles were then fitted using our model without considering gravity, with the linear shear strain
α¼0.222 for Fig. 3(a) and α¼0.403 for Fig. 3(b), calculated in each case by dividing the total shear displacement by the
height of the block. The amplitudes of the sine curve, given by A2 sinh (2πLZ/LY), were estimated from the experimental
profiles to be A2¼0.65 mm and 1.94 mm, respectively. The dotted lines show the theoretical predictions. It can be seen that
the theoretical and experimental lateral profiles agree quite well for these rather large prescribed displacements. There is,
however, some discrepancy in the case of the larger prescribed displacement. This may be attributed to three effects: (a) the
inaccuracy of a second-order nonlinear elasticity model, (b) the additional displacements which arise because the block is
not constrained to support the second-order normal stresses (Poynting effect), and (c) the gravity effect.

To demonstrate the influence of gravity, we carried out experiments with very long gels, with some blocks standing
vertically as before and with others lying flat on a surface. For the latter, gravity should have little effect on their lateral
profiles. Fig. 4 shows two typical examples for an agar–gelatin with LX¼0.055 m, LY¼0.163 m, LZ¼0.025 m. The prescribed
shear displacements are 0.088 and 0.082 m, respectively for Fig. 4(a) and (b). Also, α¼0.54 and 0.50, and A2¼7.14 mm for
the two figures. The dotted lines show the theoretical predictions of the lateral profiles. There is greater discrepancy
between theory and experiment when the block is standing up vertically than lying flat on the surface. This implies that
gravity does have an effect on the deformed shape of the soft gel. However, the elastic nonlinearity and the Poynting effect
may have an effect as well, as a discrepancy also exists when the block lies flat on its side; for this case gravity should play a
much smaller role in the profile.

Fig. 5 plots the difference between the lateral profiles at Y¼LY/2 predicted with and without gravity. This difference is
given by ΔU ¼UnogravityðLY=2; LZ Þ�UwithgravityðLY=2; LZÞ. The parameters used are LX¼0.024 m, LY¼0.072 m, LZ¼0.02 m,
α¼0.08, and A2¼�1.44�10�4 m. Fig. 5(a) and (b) plot ΔU versus μ for different values of ν and m, with m¼�50000 Pa
and ν¼0.45, respectively. In order to show the effect of the Poisson ratio ν, λ is replaced by 2μν=ð1�2νÞ. The figure shows
that the difference is maximum when μ approaches zero and vanishes at large values of μ (4400 Pa, say), regardless of m
and ν. On the other hand, Fig. 5 also shows that the difference is less important if the material is nearly incompressible or if
m has a small negative value such as �1000 Pa. Roughly speaking, ΔU lies in the range of 10�4–10�3 m, which is one order
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of magnitude smaller than LX. This implies that the gravity may play some role in the deformation of the block.
In conclusion, the gravity effect becomes less significant for large μ, large ν and small negative m.

3.3. Investigation of the Poynting effect

Janmey et al. (2007) have studied the relations between the applied shear strain and the Cauchy stress components
Txy and Tyy (the subscripts are in lower case) for various soft materials. Fig. 6(a) shows these relations for matrigel and
polyacrylamide for shear strains of up to 100%. It can be seen that matrigel experiences a negative normal stress, whereas
polyacrylamide a positive normal stress, implying that the two materials exhibit negative and positive Poynting effect,
respectively.

According to Eq. (2.26), second-order normal stresses are also induced in the generalized shear. The first Piola Kirchoff
stress T can be converted to the Cauchy stress TC (with components denoted by Txy, Tyy, etc.) using the formula
TC ¼ ð1=detFÞTFn, with det F¼1. The Cauchy stress components Txy and Tyy are plotted in Fig. 6(b), with λ¼1350, μ¼150,
m¼�1000 Pa for matrigel and λ¼585, μ¼65, m¼�780 Pa for polyacrylamide. Here we have also taken A2¼A4¼…¼0.
Fig. 6(a) and (b) compares well qualitatively.

The experimental and theoretical results above show the dependence of the Poynting effect on the elastic parameters.
Fig. 7(a) and (b) plot the variation of the stress ratio Tyy/Txy with the shear modulus μ for different values of Poisson's ratio ν
and the third-order elastic constant m, respectively. In Fig. 7(a), where m¼�2000 Pa, several results are noteworthy. First,
the closer ν is to 0.5, the more likely the Poynting effect will be negative. For soft materials which are nearly incompressible,
the negative Poynting effect may thus be prevalent. Second, μ also appears to have a significant influence. If μ4�600 Pa,
a material with high or near incompressibility will experience a negative Poynting effect. If μ is very small, less than 100 Pa,
say, then the Poynting effect is positive if ν is less than �0.47. In Fig. 7(b), where ν¼0.45, the importance of m is highlighted.
It can be observed that for m40, the negative Poynting effect is predicted regardless of the value of μ, while for mo0,
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the effect depends on the value of μ. For example, the positive Poynting effect is predicted for small μ in the case of mo0.
The dependence of the Poynting effect on the second- and third-order elastic constants has been studied by the authors for
the torsion of homogeneous and composite cylindrical bars in a previous paper (Wang and Wu, 2014).

3.4. Out-of-plane shear stress

A second-order out-of-plane shear stress TxZ arises in generalized shear when the nonlinear displacement u2 is a function
of both Y and Z. This shear component distorts the lateral profile into a curve with an inflection point. In the second-order
elasticity model, the profile is a superposition of a straight line with a complete sine curve, which well approximates our
experimental results. Fig. 8(a) plots the ratio TxZ=T

L
xY versus the Y- and Z-coordinates, where the parameters are LX¼0.024 m,

LY¼0.072 m, LZ¼0.02 m, α¼0.05, and A2¼�1.44�10�4 m. TxZ is of the same order of magnitude as TL
xY , which is the in-

plane shear stress corresponding to the linear shear strain α. Hence, TxZ is not negligible. Similarly, the nonlinear component
TNL
xY is also not negligible compared to TL

xY . Fig. 8 shows that all the second-order shear stresses are generally of significant
magnitude and play a fundamental role in the distortion of a soft block. Furthermore, Eq. (2.26) shows that the first- and
second-order shear stresses are all proportional to μ and not to the other elastic constants.

4. Discussion

The essential difference between the current and previous works lies in the different deformation assumptions. The
current work, which assumes that the second-order displacement u2 is a function of both Y and Z, is represented by Eq. (1.5).
The other works assume that it is a function of Y only, as shown in Eqs. (1.1)–(1.4). In the context of second-order elasticity,
the equilibrium equation k2μð∂2u2=∂Y2þ∂2u2=∂Z2Þ ¼ 0, i.e., Eq. (2.16), predicts that u2 can at most be a linear function of Y if
u2 is a function of only Y. With a dependence on both variables, Eq. (2.16) is the Laplace equation and the solution takes the
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Fig. 7. (a) Dependence of the stress ratio Tyy=Txy with μ for different values of (a) ν between 0.3 and 0.495, and (b) m between -2000 and 2000 Pa.
The induced normal stress becomes important at small μ, large ν, and large positive or negative m.
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form of the product of sine and hyperbolic sine functions. Experimentally, u2 is not seen to be a linear function of Y and
hence the assumption of a dual dependence on Y and Z is justified. Furthermore, we can deduce from Eq. (2.16) that the
assumption of u2¼Y2 does not satisfy the equilibrium equation. Hence, the validity of the assumption of a quadratic profile
should be checked for other constitutive models. The general equation for the lateral profile, Eq. (2.41), shows that soft
blocks which deform without a point of inflection over the height of the block can also be modeled, e.g., by the
superposition of a straight line and a half sine curve. This profile would then resemble a quadratic one, and would also
satisfy the equilibrium equation. In a more general sense, Eq. (2.41) is like a Fourier series, which can mathematically model
any smooth curve.

The assumption of Eq. (1.5) also results in the existence of a second-order in-plane shear stress TNL
xY as well as a second-

order out-of-plane shear stress TxZ. These shear stresses are not predicted if the other deformation assumptions are made as
in Eqs. (1.1)–(1.4). They may also be significant in magnitude, as shown in Fig. 8. TxZ is analogous to, but distinct from, the
normal stresses which correspond to the Poynting effect. In other words, the Poynting effect exists under simple shear, and
both TxZ and the Poynting effect exist under generalized shear. This implies that under generalized shear, a soft block will
undergo (i) an in-plane shear, (ii) a stretching or contraction in the normal directions (positive or negative Poynting effect),
and (iii) an out-of-plane shear tending to distort the block about the Y-axis. If the deformations in (ii) and (iii) are
constrained, the corresponding normal and out-of-plane shear stresses will be induced.

In real physiological and engineering environments, biomaterials may experience generalized shear rather than simple
shear because of the presence of multiaxial loads and constraints. For instance, TxZ distorting a cell under generalized shear
may have a significant effect on the overall force balance in the cytoskeleton. It may also alter the structure of the cell, which
is sensitive to the stresses it experiences. A case in point is the uni-directional shearing of blood cells, which however may
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experience shearing deformation in all three planes. The red blood cell may thus be deformed, damaged or undergo
structural changes (Leverett et al., 1972; Meram et al., 2013).

Second, our results may have interesting implications in the design of actuators and sensors. A multi-plane actuator can
be designed, based on the phenomenon that a soft material can undergo an out-of-plane distortion under generalized shear
in one direction. The distortion of the plane may generate a moment, which can be used to actuate a connecting device.
Similarly, a sensor can be designed to detect and measure the deformation in a plane which is orthogonal to the signal
occurring in another plane.

The sign of the normal stresses shown in Eq. (2.26) can be explicitly used to judge the direction of the Poynting effect.
Eq. (2.26) may also be used in a reverse manner to determinate the third-order elastic constants, assuming that the second-
order constants λ and μ have been determined by other means. A simple illustration is as follows. By measuring the TyY
necessary to maintain a generalized shear deformation of a rectangular block, the elastic constant m of the material can be
estimated, as TyY is dependent on λ, μ and m. Next, the value of n can be estimated by measuring TzZ, which is dependent on
λ,m and n. As pointed out by Janmey et al. (2007) and predicted by our numerical results, the normal stresses can be as large
as the shear stress. Thus, measuring the normal stresses may be a simple way to estimate the third-order elastic constants
and provides an alternative to acousto-elastic methods (Catheline et al., 2003; Destrade et al., 2010).

Although this work considers second-order nonlinearity and generalized shear, it does not consider inhomogeneity,
anisotropy, time-independent viscoelasticity, and higher-order nonlinearity. Many natural biomaterials are composites,
architecturally hierarchical and exhibit time-dependent behavior. Nonlinearity can be investigated with higher-order
elasticity models. The study of composite materials poses a significant challenge, which possibly can be met by adapting the
method used in the present work. Anisotropy can also be incorporated, through the use of additional invariants in the strain
energy density. Viscoelasticity adds considerable difficulty to the problem, which most likely requires numerical methods of
solutions. A natural extension of our current work is to the problem of composite materials under generalized shear.

Finally, the existence and uniqueness of solutions in nonlinear elastic problems deserve a special mention here, as
interpretations of nonlinear phenomena such as the Poynting effect would depend on these solutions. Green et al. (1952)
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developed the general theory of small elastic deformations superposed on finite elastic deformations. The existence,
uniqueness and analyticity of solutions for boundary value problems of nonlinear bodies were subsequently studied by
various researchers, e.g., Hill (1957), Ball (1977), Ciarlet (1988), and Valent (1988). Valent (1988) proved a number of
theorems which permitted the use of Signorini's method for solving pure traction-value problems of spheres and cylinders
subjected to uniform pressure. In the work reported here, the nonlinear effects, as predicted within the second-order
elasticity framework of Murnaghan (1951), depend on the elastic constants. The values of these constants were derived from
experimental data of real materials. Generally speaking, an investigation of the dependence of the nonlinear effects on the
elastic constants should be treated with caution, especially if the constants have not been measured directly, or if they have
not been determined via fitting to the experimental data of the mechanical response.

5. Conclusions

This paper develops analytical solutions for a homogeneous rectangular block under generalized shear in the framework
of second-order elasticity. The major contributions and findings can be summarized as follows.

Firstly, the analytical solutions show that the second-order shear displacements are characterized by the product of sine
and hyperbolic sine functions of the height and depth variables, respectively. The solutions also reveal that the lateral profile
is a straight line superimposed on sine curves under a prescribed constant shear displacement. This profile is verified by
experiments.

Secondly, an out-of-plane nonlinear shear stress is generated under generalized shear, which may twist/distort the block
about the height direction. This phenomenon may have implications in the design of biomaterials and bio-inspired
materials..

Thirdly, nonlinearity is a significant part of the displacements and stresses for soft materials, e.g., the out-of-plane shear
stress.

Fourthly, nonlinear normal stresses, which are related to the Poynting effect, are needed to maintain the deformation.
The Poynting effect is significantly dependent on the elastic constants, e.g., ν andm. By measuring the normal stresses, third-
order elastic constants can be estimated.

Finally, the effect of gravity has been investigated. Our results show that an extra quadratic term will arise in the
dependence of the shear displacement on the height in the presence of gravity. The gravity effect becomes less significant
for large μ, large ν and small negative m.
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