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A bilayer block with dissimilar elastic constants under generalized shear is studied. The
shear displacement is not constrained a priori to be a function of the vertical coordinate.
Using second-order isotropic elasticity and under a prescribed shear displacement on the
top face, the shear displacement takes the form of the product of sine and hyperbolic sine
functions. There exist first- and second-order shear stresses, as well as second-order
normal stresses corresponding to the Poynting effect. The shear moduli inhomogeneity
between the layers has an “intrinsic” influence on the second-order normal stresses,
meaning that this influence persists even if both shear moduli approach zero. Generally,
the elastic inhomogeneity has a strong influence on the sign, magnitude and functional
variation of the stresses and displacements. A generalized Poynting effect, associated with
a sinusoidal shear stress, is also predicted in which the sheared block distorts not only in
plane but also tends to distort out of plane. Experimental results on the deformed lateral
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profiles of agar-gelatin bilayers show reasonable agreement with theory.
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1. Introduction

The simple shear of soft solids under finite deformation
has been investigated in a number of recent works, e.g.,
Destrade and Saccomandi (2010), Horgan and Murphy
(2011), Destrade et al. (2012) and Mihai and Goriely
(2013). The importance of nonlinear phenomena such as
the development of normal stresses under simple shear,
which corresponds to the Poynting effect in which a
cylinder under torsion elongates or shortens in length, has
been highlighted. Interestingly, Storm et al. (2005),
Janmey et al. (2007) and Kang et al. (2009) have reported
negative normal stresses in biological gels, i.e., the sheared
faces of the block tend to be drawn towards each other. Wu
and Kirchner (2010) and Wang and Wu (2014a) have stud-
ied the dependence of these nonlinear phenomena on elas-
tic constants in torsion problems using second-order
elasticity. The effect of dissimilar elastic constants in a
bilayer cylinder has been emphasized in the latter work.
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Much of the recent efforts have focused on homoge-
neous solids. However, bilayer systems under shear consti-
tute an important class of problems. Many natural and
synthetic material systems consist of two or more layers
with different mechanical, chemical and other properties.
Examples, to name a few, include skins, muscles, artificial
tissue constructs, lipid bilayers, graphene bilayers, multi-
layer substrates for stem cell cultivation, and bio-inspired
devices. The study of lipid bilayers under mechanical forces
remains of considerable interest. Butler et al. (2001) studied
the influence of shear on the lateral diffusion of endothelial
cell membrane lipids. Jénsson et al. (2009) investigated the
mechanical behavior of lipid bilayers in microfluidic
channels under shear forces. Peng et al. (2013) developed
computational models for lipid bilayers attached to the
spectrin cytoskeletal network of red blood cell membranes.
Furthermore, much interest has recently developed in
graphene, which demonstrate nonlinear elasticity (Lu and
Huang, 2009; Cadelano et al., 2009). Apparently the
mechanical behavior of graphene bilayers is also rapidly
gaining attention (Scarpa et al., 2010).
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In this work, we consider the basic problem of a bilayer
solid subjected to generalized shear in the framework of
second-order elasticity. A uniform shear displacement is
imposed at the top of the bilayer, whose bottom is held
fixed. The shear is generalized in the sense that a priori
assumption has not been made regarding the dependence
of the shear displacement versus the vertical coordinate
(along the height direction) of the block. The deformation
takes the form: x=X+U(Y,Z), y=Y+WY), z=Z, where
x,¥,z and X, Y, Z denote coordinates in the deformed and
reference configurations, respectively, and U,V the dis-
placements. The current study is based on the earlier work
for a homogeneous soft block (Wang and Wu, 2014b). The
new contribution consists of the study of the dependence
of (i) the induced normal stresses and shear stresses, and
(ii) the interfacial stresses and displacements, on the dis-
similar sets of elastic constants, as well as experimental
verification of the predicted variation of the shear displace-
ment with the vertical coordinate.

Following this introduction, we present the formula-
tion, numerical/experimental results, and conclusions in
four sections.

2. Second-order formulation of the generalized shear of
a bilayer

2.1. Definition of problem

We consider a bilayer rectangular block under general-
ized shear as shown in Fig 1. Each layer is homogeneous
and isotropic. Denote X, Y, Z as the reference coordinates,
with X along the direction of the imposed shear, Y along
the height and Z along the depth. The lengths of the block

Let also Ly =L}’ +L?. The deformed coordinates are
assumed to be (X + U®, Y+ VD, Z), with i= 1, 2 for the lay-
ers. Here, U" = ul(Y, Z) + ku} (Y, Z) denotes the shear dis-
placement in the X-direction for the ith layer, with u{’ and
u(zi) representing the linear and nonlinear components,
respectively. U is taken to be a function of both Y and Z,
allowing for the possibility of a non-uniform (generalized)
shear. No assumption is made regarding the dependence of
UY on Y or Z as it will be solved from the equilibrium
equations; this differs from the simple shear mode in
which U® is assumed to be linearly dependent on Y only.
Similarly, V¥ = 2! (Y) + k2} (Y) denotes the displacement
in the Y-direction, with »{” and 2 denoting the linear and
nonlinear components. Note that VA” is taken to be solely a
function of Y. Gravity effect is neglected. Also, k is a marker
indicating the order of approximation of the theory. In the
subsequent formulation, we retain terms up to k? for the
second-order theory.

2.2. Governing equations

2.2.1. Second-order elasticity model
The differentials of position vectors in the undeformed
state are:
dX
dy |, (2.1)
dz

while in the deformed state they are:

¢X+k<@£dY+dez)+k2<%2dy+ﬂﬁdz>
oy oz 5 -

in the X and Z directions are denoted by Ly and Ly, respec- : . (2.2)
dY +kdv +k*dvs)
tively, while the thicknesses of the bottom (first) and top +kdvy +kdv;
(second) layers are denoted by L\ and L{, respectively. dz
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Fig. 1. (a) A bilayered rectangular block of dimensions Ly, L‘((lJ + L§,2> and L; in the undeformed state. (b) The block deformed under generalized shear. The
prescribed displacement at the top face Y=Ly consists of the linear part u;(Ly) and the nonlinear part uy(Y =Ly, Z) = h(Z). The problem of h(Z)=0 is
considered for simplicity. The lateral profile of the block, or the deformed shaped of the four vertical edges of the box, is written as u;(Y) + f{Y).
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fori=1, 2 respectively. Based on Eq. (2.2), the deformation
gradient F can be written as:

u; ul iu“ Zu(i)
1k e e
y(i) (i)
F=1lo0 1168 2% 0 (23)
0 0 1

In this formulation, F contains an additional term
k(du“VdZ) 'S (du /dZ) which exists because U is a

function of both Y and Z.
The energy density W of Murnaghan (1951) is:

W=

A+2 l+2
B -y S g s, (24
where 1 and u are the second-order and [, m, n the third-

order elastic constants, respectively, and J;, />, and J3 are
the strain invariants of the Lagrangian strain E:

Ji=Ei+Ey+Es, J,=E\E; +E;Es+E3Ey, J3=E(E3E3, (2.5)

with E;, E; and E; denoting the principal values. The
Lagrangian strain is expressed in terms of the deformation
gradient as:

1
E= 5 (FF-1I), (2.6)
where I is the identity and the asterisk denotes the trans-
pose. The first Piola-Kirchhoff stress (relating forces in
the current configuration to area vectors in the unde-
formed configuration, and generally non-symmetric) is
defined as:
ow

= F(/U]I + 20E + (I — 2mJ,)1 + 2mJ,E + nco E) (2.7)
where co E is the cofactor matrix.

2.2.2. Equilibrium Equations
The Lagrangian equilibrium equations in Cartesian
coordinates can be written as:

0T 0Ty 0T

ax "oy taz ©

Ty Ty 0Ty 0 2.8)
oX a9y oz 7 '
aTzX aTzY E)TZZ -0

oX oY oz

In the notation for the stress component such as Ty, the
first subscript in lower case denotes the stress direction in
the current configuration and the second subscript in
upper case denotes the unit vector direction of the element
surface in the reference configuration. Substituting the
stresses from Eq. (2.7) into Eq. (2.8) yields the following
two first-order (k) and four second-order (k?) equations
for each layer:

o*uf azu“’
k =0, 2.9
H < ayz "oz 29

2u) Pl
K 2 422 | =0, 2.10
”(mﬂ oz (210)
ol o*ul
((4)+4u+4m n)—-— oz ayaz
ou g?uld ou g?uld
+4(7+2p+m) m} ayé +(4u+n) m} azg =0, (2.11)

ou o*ul)
oY 0YoZ

%kz <(4i+4,u+4mn)

o o*ul ou oul
+4(A+2pu4+m)—— BZ 822 +(4,u+n) E)Y2 o7 =0,(2.12)

ko (Y) =0, (2.13)

K2 (Y) = 0. (2.14)

The first two are Laplace equations, and the last two are
second-order linear ordinary differential equations. The
middle two are partial differential equations with mixed
derivatives. These equations can be solved by applying
appropriate boundary conditions.

2.3. General solutions

The basic boundary conditions applied to the block are:
(1) the bottom of the block is fixed, (2) an applied linear dis-
placement &, is applied to the top face of the block, (3) the
total height of the block is maintained, and (4) a restraining
moment preventing the block from rotating about the Z-
axis. This restraining moment is generally non-vanishing
and arises from a second-order effect due to the existence
of T,z (shown later). It is denoted by M, in association with
Tyz. Other conditions are the continuity of displacements
and tractions across the interface, and no net shear forces
are applied on the Z-faces. The objective is to obtain solu-
tions for the displacements U” = u{(Y,Z) + kul (Y, Z) and
VO = oY) + kol (Y) in the two layers. The details are
given in the Sections 2.3.1, 2.3.2, 2.3.3 below, in which
o (Y) and ¢ (Y) are obtained in Section 2.3.1, u{(Y,Z) in
Section 2.3.2, and finally u<2">(Y¢Z) in Section 2.3.3.

2.3.1. Vertical linear and nonlinear displacements
The linear and nonlinear Y-direction displacements 2,
and », can be solved from Egs. (2.13) and (2.14) as:

oV = Y 4 O 0@ = CPY 4 2,

(2.15)
o) =Py ¢V v =Py +

Both 1/ ) and 7/“) are linear functions of the Ycoordinate,

with eight unknowns ¢, ¢, ¢V, ¢V and ¢?, P, P,
C?. The following boundary conditions are applied to
determine the eight unknowns:

(BC1) The bottom is fixed, i.e., there is no vertical dis-
placement at Y =0,
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(BC2) The total height is maintained,

(BC3) Both the linear and nonlinear displacements are
continuous at the interface Y = L{",

(BC4) Both the linear and nonlinear stresses T;y and T)y
are continuous across the interface Y = L

The expressions for the stresses required in (BC4) can be
obtained via Eq. (2.7). Mathematically, the above boundary
conditions can be written as:

(BC1) (Y =0)=0and 2" (Y = 0) =0, (2.16)

(BC2) vP(Y =L + L) =0 and 5 (Y =L} + L) =0,

(2.17)
(8C3) )Y = ) = o2 = 1) and
(Y =L1y) = o5 (Y = 1), (2.18)
(Bca) Ty (Y = L") = TRH(Y = L") and
T (Y =L)) = TN (Y = 1y)). (2.19)

Use the above 8 equations, the eight unknowns in Eq.
(2.15) can be solved as:
=0, ¥ =0,
—my 03 +Mp0 — 03 + 032, — 202 U, +2a2,u2L<2
2(L<2 (7 +21,) + L(]>(A2+2/.lz))

=0, =0, P

=

cV=o,

2 _myod —mp03 + 03 — 03 + 203 1y 720@#2“1)
37 @, M, Yo
2(L7 Ga+2p) + 1 U2 +2115))

—my 03 +Mp0d — 03 + 032, — 202 U, +2<x2,u2L<1

Z(L(YZ (i +2p1) + LY (s +2uz))

= (LY +LP),

(2.20)

where o/; and o5 are the linear shear strains carried by the
lower and upper blocks, respectively. These linear shear
strains enter Eq. (2.20) through the dependence of T,
on o4 and o, whose explicit forms will be obtained in
the next sub-section. Note that only three constants asso-
ciated with the second-order effects are non-zero, and all
eight constants are zero if the bilayer block reduces to a
homogeneous one. Hence, second-order vertical displace-
ments in the block arise because of the elastic dissimilarity.

2.3.2. Linear shear displacements ‘
The linear shear displacement u!’
Egs. (2.9), (2.11) and (2.12), yielding:

can be solved from

112 (zcg"u o2 (my + 4+ 2/4-))
(i)

2 0
ket + K 11,5

2 ou)
k& 0

2 oul)
kot s + K1 =5

1K (m,vot,? + (ZC(;) + OC,-Z) (4 + 2#[)) 0 ’

u =Y+, ul =Y+ p, (2.21)

There are totally four unknowns: o4, &, 1 and f». These
solutions represent the simple shear for a bilayered block
in the first-order theory. The following force and displace-
ment boundary conditions in the X-direction (resulting in
four equations) are applied:

(BC1) The imposed shear displacement at the top face is
&, or equivalently linear shear forces F; are
applied at the top and bottom faces,

(BC2) The bottom face is fixed,

(BC3) The linear shear displacement is continuous at the
interface.

Mathematically, they can be written as:

(BC]) o ,LlleLZ = F] and OCzMzLxLZ = F], (222)
(BC2) u{" (Y = 0) =0, (2.23)
(BC3) ul(y =1y =uP(y = L{"). (2.24)

InEq. (2.22), 04 = 61 /LY, oy = (8, — 61)/LP, where 6 is
the shear displacement (in the X-direction) of the interface.
Eq. (2.22) essentially means that the linear shear stress
TﬁY = ko p; is constant in both layers, i.e., oy 1 = 0o 1to, With
o1 # o generally. Using these four equations, o, %, 81, f2
are solved in terms of F; or J, as:

o — Fi 02
Ukl L (/)L
- b o 225
Hakxlz ~ iy /g L+ 1P (2:25)
Fi (i — )Ly
-0, = .
h=0 =" T
The coefficients C(1 andC in Eq. (2.20) are thus

explicitly obtained. As expected oy =05 and By =B, =0 for
a homogeneous block.

2.3.3. Nonlinear shear displacements

The nonlinear shear displacements u{’ are solved next.
To do this, first write down the matrix of the first Piola-
Kirchhoff stress using Eq. (2.7), i.e

o (i)
2 0u2
k=%

(2.26)

1K <2mirxf — mio? +44CY + 21,~ocf>
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where C{ and o; are given in Eqs. (2.20) and (2.25), respec-
tively. This stress matrix is symmetric. All the normal
stresses Tyx, Tyy, T,z and the shear stress T,; are second-
order whereas the shear stress T,y consists of both
first- and second-order parts. Two important points are
highlighted here. First, T,z being related to the derivative
of the nonlinear shear displacement uy(Y, Z) with respect
to Y, is generally non-zero. Summing the moments of the
elementary shear forces T,; dXdZ about the X- and Y-axis
leads to zero automatically, but to a non-vanishing
moment M,; about the Z-axis. Hence, to maintain the block
according to the imposed deformation, a restraining
moment M, is necessary. In the experiments, this is
imposed by providing constraints to the top and bottom
faces to prevent it from undergoing any net rotation.
Second, the second-order stress Tyz = T,x iS not present in
simple shear, in contrast to the second-order normal stres-
ses (which correspond to the Poynting effect). Thus, for the
generalized shear considered here, out-of-plane shear
stresses in addition to normal stresses are induced.

The governing equation for ug) is the Laplace equation,
Eq. (2.10). The displacement boundary conditions on the
top and bottom (Y = 0, L\" + L?)) faces are applied first:

(BC1)
(Y =0,2) =0, (2.27)
(BC2)

h(Z) = u, (Y =1+ L;Z),z)., (2.28)

i.e., the bottom face is fixed and h(Z) is the nonlinear shear
displacement prescribed at the top Y = L\" + L\"). We note
that the ratio of the imposed linear to nonlinear displace-
ments is not known a priori. In the particular problem to
be considered, h(Z) will be set to the simplest choice of
zero and the predicted shape of the block is compared to
experimental results. Furthermore, we define:

U (Y,Z = Ly) = up(Y,Z = 0) = f(Y), (2.29)

U (Y - L<Y‘>,z> —g(2), (2.30)

where f(Y) is the nonlinear deformation of the block at
Z =0 and Z = Lz, respectively. The shape f(Y), which we will
call the lateral profile, illustrates how the block deflects
laterally in the XY plane. Also, g(Z) is the nonlinear shear
deformation of the block at the interface Y = L{"). The sec-
ond-order displacement u, can then be obtained for both
the first and second layers, as explained next.

For the first or bottom layer, solving Eq. (2.10) leads to:

D sinh (") sin ("4
JrZ:D,1 smh( I, )sm( L) (2.31)

where the coefficients

AS) — BM

n

2 L . (nmY
L\ sinh <”L’f—1,2> 0 Y
Y
and
S
1)
L, sinh <%) 0

For the second or top layer:

g(Z)sin <%) dz. (2.33)

) _ (1) -
u?(v,z)=S A%sin mr(Y(z)LY) sinh mr(L(Z2 )
n=1 LY Ly)
= (M
@ gip (MY =Ly )\ o (V72
+> BYsin | ——5——= | sinh {5~
n=1 Ly Ly
+3 P sinh nly) 1y = Y)\ g (@)
n=1 " LZ LZ
@ sinh [ Y =Ly) nnZ
+5"DPsinh v ) ) sin <7> 534
n; ! I; ) 239
where
1, @
T /L; o
n
L? sinh (’ff—ff> Iy
Y
L
< sin <%> a, 35,
Y
and
Lz
@2 g(Z)sin (”le>dz, (2.36)
Lz sinh (@) 0 ,
Z
Lz
Do — 2 h(Z)sin (”le> dz. (237)
74

. nrl? 0
Y
L, sinh <—Lz )

The solutions are symmetric about Z = L/2. The aim is
to obtain f{(Y) and g(Z) for various prescribed top face dis-
placements h(Z). For a given h(Z), D@’ can be calculated

directly from Eq. (2.37). The other coefficients A'", B{"

n

DV and A®, B?, C® can be solved via force, moment

and displacement boundary conditions, at least numeri-
cally. The boundary conditions are the following:

(BC1) The nonlinear displacement u, is continuous
across the interface,

(BC2) The nonlinear shear stress Thr is continuous across
the interface,

(BC3) The nonlinear shear force associated with T,y on
the top and bottom faces is F,,

(BC4) No net shear forces associated with Tz are applied
on the Z-faces,

(BC5) The total moment about the Z-axis associated with
Tz on the Z-faces is M.
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The above five boundary conditions can be written
mathematically as:

Be) u (Y =1i") = u? (v = 1), (2.38)
BC2) oul(Y,Z ouP(Y,Z
( )'u] 2 ( ) :#2 2 ( ’ ) , (239)
oY o oY "
Y:LY Y:LY
(BC3) / TW"'dXdZ = F,, on Y
—~0and / T&M aXdz
=F,onY=LY+L?. (2.40)
(Bc4) (4 Ly el
/ T JdXdy + / T2 dXdy
Y= y=L X=0
=0,0nZ=0,L;. (2.41)
Bcs) (4 [ oa
(BCS) / / TV (Z = 0)YdXdyY
Y=0 JX=0
LDHP Ly
T2 (Z = 0)YdXdy,
Y= L(” X=0
/ / (Z = L) YdXdY
Y= 0 X=
JrL(Z)
/Y . 27— [,)YAXdY = M. (2.42)

From the first two boundary conditions, the following
can be obtained:

0 nnL() . nnZ
Z:D1 sinh——Y sin——
n=1 LZ

e smh””LY sin"LiZ (2.43)
n=1 z

and

> Ly’
> nn (u]Lﬁ,”Lg,z)Df:)cosh "
n=1 4

= Znan (,uzLQ’Aff) <sinhw +sinh nnZ)

(BC3) can be written as:

f:ule(z <cosh"”LZ 1>+D,§”(1—(—1)“)
n=1

Y

=F,, Y=0 (2.45)
and

= P nnLZ

> Lxpt, | 247 (—1)" | cosh -1

n=1 y

)

L
+DP(1 - (—U")coshmzzy +C(-1+ (—1)n)>

—F, Y=LV +1? (2.46)

(BC4) can be written as:

S A (-1 4 (=1)" )<coshnLnLZ 1)

n=1 Y

4
nrly, B 1)
Ly

FILAP (<1 4 (—1)" )(cosh ”L”LZ - 1)

Y

+ ;D <cosh

0
+ 1, (CP + D?)) <cosh ”’ELY - 1) =0 (2.47)
74
and
ST AV (-1 + (1)) (cosh mgf 1>
n=1 LY
; nnLl)
+ 1,D'V(=1)" [ cosh 3 Y 1
74

n nrwl
— 1,AP (=14 (=1) )(cosh L(Z)Z— 1)

(2)
+ 11,(C? + DP)(=1)" (cosh ”iLY - 1> —0.  (248)

The coefficients A", BV, DV and A®, B, C?) should be
determined using Eqs. (2.43)-(2.48). Finally, we note that
the linear and nonlinear shear forces F; and F, cannot be
measured separately. F; has been determined in terms of
the imposed linear shear displacement J,, as shown in
Eq. (2.25). It will be shown in the next section that F, can
be determined in terms of M,z by (BC5), and thus F; and
F, are both obtained in terms of the imposed quantities.

2.4. Particular problem

In this section, the solutions of the problem with
LY = L? are given analytically. This corresponds to the
problem of a bilayer block with equal layer thicknesses.
In addition, we consider the simple case of h(Z) = 0. Based
on the condition L\ = L\?, Eqgs. (2.33) and (2.36) lead to:
DV =@ (2.49)

n n

while Eq. (2.44) can be written as:
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LYf:((,“] "+ 1€, )
_LZZ(IUZ _

fo)) sin"Z
Lz

'ul ) <Sinhw+s nh@)

Ly Ly
(2.50)
Since in Eq. (2.50),
sinnLiZ ~ sinh"™z=2) | h@ (2.51)
Z Y

one possible set of solutions is such that each of the nth
coefficients multiplying the sine and sinh terms is zero:

(1D + 1) 1D? =0 (2.52)
and
LAY = (-1)" 1A = 0. (2.53)

Eqgs. (2.47) and (2.48) can be written as:

S AP (-1 + (1) (cosh ”fLZ - 1)
Y

o (et )

LAY (“1 4 (—1)Y (cosh "?LZ - 1)
Y

+ 1 (€7 + DY) <cosh ”’LZLV

74

- 1) =0, (2.54)

and

fj A 1+ (1) (cosh 2 - 1)

n=1

+ 4, DY (-1)" (cosh HZLY - 1)

— 1,AP (=1 + (- l)")<coshn7LTLZ—1>

Y

+ 1, (€Y + DY) (-1)" (cosh””LY 1) —0.  (2.55)

Z

By adding and subtracting the above two equations, it
can be shown that for each n:

(M] + Gy + 1, Df ) <CO5h nfLy

74

—1) =0. (256)

Further, combining Egs. (2.49), (2.52) and (2.56) leads
to:

DO — c@
n

n

=D? =0. (2.57)

By using Eq. (2.57), Egs. (2.45) and (2.46) can be written
as:

S 24 LAY (cosh nals 1) —F, (2.58)
n=1 y

S 2, LAZ (-1)" (cosh’mZ 1) —F,. (2.59)
n=1 Y

There are infinitely many coefficients A" and A in the
above two equations. However, experimental results show
that the lateral profile f{Y) of the block is approximated
well by two half-period sine curves of different amplitudes.
Hence, we choose A” = 0 forn > 2, and A{" and A'® can be
solved from Eqgs. (2.58) and (2.59) as:

F

Al — ,
2u, Ly (cosh”L—f/Z - l)

(2.60)

AP~ _ Fa _ (2.61)
2Ly (cosh’;—Lf - 1)

Finally, after integration (BC5) in Eq. (2.42) can be written

as:
ZZLXLY( —])( 1)" (,“1 + oAy )

=M. (2.62)

Substituting the solutions of A" and A{®’ into the above
equation, it can be obtained that

M,z

FZZTLV'

(2.63)

With the coefficients A" and A’ determined, the final
form of f{(Y) according to Egs. (2.29), (2.31) and (2.34) is
thus:

Fv) = AV sin ™Y sinp L2 (2.64)
Ly Ly’

forO0<Y<Ly, and
£¥) = AP sin "V 1) gip T2 ”LZ
Y

for Ly < Y < 2Ly. For later use, we further define the con-
stants a\" = A" sinh(nl;/Ly) and ) = AP sinh(ntlz/Ly).
By using Eq. (2.63), the total shear displacement in the
composite block can be written as:
02
(T+ py/ 1)Ly
MxZ

4u1 LxLy <cosh oz _ 1)

(2.65)

uy.z) =

« sin ™Y smhu+sinhn—z . (2.66)
Ly Ly Ly

for0<Y<Ly, and

Hy :u1 5+ 02
H +,u2 O+ w1/ 1)Ly
MxZ

+ h nly
4u,LxLy <cos - 1)
. w(Y-=Ly) [ . n(l;—-2) nZ
x sin L (smh L + sinh— L

(2.67)

Uud(y,z)=
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(a)

(b)

Fig. 2. Rectangular blocks of agar-gelatin gels, gripped at the top and subjected to a constant rightward shear displacement of 45 mm at the bottom. Layer 1
has the same stiffness, while Layer 2 is increasingly stiffer from (a) to (c). The theoretical lateral profiles are shown as solid lines.

for Ly < Y < 2Ly. In the above solutions, 6, is the prescribed
linear displacement at the top face, and M,; is the pre-
scribed moment about the Z-axis.

Eqgs. (2.64)-(2.67) are explicit expressions for the lateral
profile and the shear displacements in the composite
block. The coefficients A" and A®’ may be estimated from
the experimental data for the lateral profile of the block.
Knowing these two values, the predicted and experimental
profiles can be compared. Similarly, coefficients such as
Myz/uy and Myzfu, can be determined to be 4A\"LxLy
(coshrmtlz/Ly — 1) and —4AP LyLy(coshnlz/Ly — 1), respec-
tively. Hence, the shear displacements can also be
computed based on the experimental data.

3. Experimental and numerical results

In this section, experimental results on bilayer blocks of
an agar-gelatin are reported and compared to the theoret-
ical predictions. Following this, the dependence of the

second-order nonlinear effects on the elastic dissimilarity,
i.e., the normal stresses and the out-of-plane shear stress,
as well as the interfacial displacement in the vertical direc-
tion, is studied.

3.1. Theoretical and experimental profiles of sheared bilayer
blocks

Bilayer blocks with the dimensions Ly=30mm,
L) =1 =70 mm and L;=25mm were made from an
agar-gelatin. In Fig. 2(a-c), Layer 1 (lower layer) has a
concentration of 17 g of the gelatin powder in 110 mL
of water, while Layer 2 (upper layer) has the concentra-
tions of 17g/110mL, 17g/100mL and 17 g/90 mL,
respectively. Thus, the block in Fig. 2(a) is homogeneous,
and the upper layers are stiffer than the lower layers in
the other two blocks. The bottom faces of all three
blocks were sheared towards the right by a distance of
45 mm.
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Table 1
Parameters used in Fig. 2.
Fig. 2(a) Fig. 2(b) Fig. 2(c)
Samples
Layer 1 concentration 17 g/110 mL water 17 g/110 mL water 17 g/110 mL water
Layer 2 concentration 17 g/110 mL water 17 g/100 mL water 17 g/90 mL water
Lx 30 mm 30 mm 30 mm
Lg}) 70 mm 70 mm 70 mm
LE,Z) 70 mm 70 mm 70 mm
Ly 25 mm 25 mm 25 mm
Applied shear displacement
o 45 mm 45 mm 45 mm
Parameters estimated from experiments
aﬁ” 3 mm 3 mm 2.5 mm
a<12> 3 mm 1.48 mm 0.925 mm
y Table 2
52 Elastic parameters used in Figs. 3-8. The unit of elastic constants is kPa. The

Fig. 3. Deformed and undeformed states of a bilayer rectangular block
under generalized shear. The prescribed shear displacement §, = 0.045 m
at the top and the prescribed moment M,z = —0.42 N - m.

The experimental lateral profiles f{(Y) are curved; they
are not a linear function of Y. The homogeneous block dis-
plays a smooth curved profile. In the deformed bilayers,
each block has a smooth profile but they also have a dis-
cernible kink at the interface. Comparing the slopes f(Y)
of the upper blocks just above the interface, it can be seen
that the stiffest block in Fig. 2(c) has the smallest slope.
Just below the interface, the lower block in Fig. 2(c)
appears to have a larger slope. These observations agree
with intuition, since the stiffest upper block will deform
the least and the corresponding lower block will deform
more at the connecting interface to compensate for the

dimensions of the block are Lx=0.030 m, L\ = L%’ = 0.070 m, L, = 0.025 m.
Also, J,=0.045m in all figures, while M,;=-0.42N-m in Fig. 3 and
—014N - m in Figs. 4-8.

1 J81 m n
/2 2 m; ny
Fig 3 2.25 x 10° 8 —20 x 10° —-80
60 12.21 —35.60 -23.50
Fig. 4 1024 —2400 —2350
1024 —2400 2350
Fig. 5 357 —-1000 -235
103 —~1000 -235
Fig. 6(a) 3570 —8465 2350
3570 103000 —2350
Fig. 6(b) 3570 -2394 -2350
3570 103000 —-2350
Fig. 7 2.25 x 10° 8 —20 x 10° -80
60 21.62 —35.60 -23.50
Fig. 8(a) 1x108 100 -2 x10® —800
1x10® —800
Fig. 8(b) 1x10® -2 x 108 —800
1x108 -2 x10® -800

smaller deformation of the upper block. The theoretical
profiles, which consist of a sine curve superimposed on a
straight line, are highlighted in bold. Table 1 shows the val-
ues of the parameters oy, o, "’ and a'® used to generate
these profiles. The theoretical profiles capture the essential
features described above (kinks and the slopes at the inter-
face). Discrepancy between the theoretical and observed
profiles is also evident, notably the greater sagging of the
experimental samples. This could be attributed to gravity
effects and the limitations of a second-order nonlinear
elasticity model.

In Fig. 3, the three-dimensional profile of an entire
deformed bilayer block is simulated for a specific set of
elastic constants, prescribed displacement of 0.045 m and
prescribed moment of —0.42 N - m, as listed in Table 2. This
shows more clearly how the X=0 and X=Lx surfaces
deform from their original positions resulting in unequally
curved faces meeting at a kink at the interface, as well as
the maintenance of the boundary conditions (fixed base,
constant total height).
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3.2. Dependence of second-order stresses on elastic
inhomogeneity

In this section, the dependence of the second-order nor-
mal stresses on the layer elastic inhomogeneity (dissimi-
larity in the elastic constants) is studied. Three types of
inhomogeneity are considered: dissimilarity in one partic-
ular constant, e.g., {1/, dissimilarity between constants
of the same order, e.g., 4,/1,, and dissimilarity between
constants of different orders, e.g., my/u;. In all the figures
to follow, 6, = 0.045 m and M,z = —-0.14 N - m.

3.2.1. Inhomogeneity of shear moduli

Fig. 4(a—c) plot TV, Tyy) and T;? in Layer 1, respectively,
versus the shear modulus p, of Layer 2 for various constant
values of p1/u>=0.1, 0.4, 1, 2.5 and 10. All other elastic
constants are held constant and are the same between
the layers, as shown in Table 2. The applied boundary con-
ditions are also indicated in this table. The ratio p;/u; =1
implies a homogeneous block. Although the normal stres-
ses are constant in each layer of the block, they, except

for T;ly) will generally have a jump across the interface,
ie, Ty # Ty, T # T but Ty = Ti7.

This figure shows a rich behavior of the stresses. First,
the dependence on inhomogeneity is clearly seen, and is
generally significant. Changing p;/u, from 1 to 0.1 at
Uz =200kPa increases T significantly from ~—60 to
~—135 kPa, for instance.

Second, within the range of p, studied and depending
on [1/Hy, the stresses can either increase or decrease
monotonically, or they might have extrema. This highlights
the complexity and hence difficulty of materials selection if
the aim is to minimize or maximize the normal stresses.

Third, the stresses can be either zero, positive or nega-
tive. TL}() and Tyy) appear to be mostly compressive except
at large p1,, whereas T!)) is largely tensile if the lower layer
is more compliant then the upper layer (u;1/u2 < 1). These
stresses, in particular T, demonstrate the Poynting effect
under shear. This corresponds to the extension or contrac-
tion of a twisted rod in the direction perpendicular to the
plane of shearing. The second-order stresses are necessary
to maintain the deformation of the generalized shear. In
the absence of a positive (negative) T, the block will con-
tract (expand) along the Z-direction, corresponding to a
negative (positive) Poynting effect. Because T »= T2,
there is a tendency for the bilayer block to contract or
expand by different amounts.

Fourth, it is difficult to generalize whether the magni-
tude of the stresses will increase or decrease if the lower
layer becomes more compliant compared to the upper
layer. Nevertheless, some general trend can still be
observed. Consider Fig. 4(b) for u, held fixed at 1000 kPa.
If the block is homogeneous, T{, is slightly tensile
(~25 kPa). If Layer 1 becomes more compliant relative to
Layer 2, T\, becomes more compressive, with
T;ly) ~ —140 kPa when p1/u; = 0.1. If Layer 1 becomes stiffer,
T|) becomes more tensile, with T'}) ~ 100 kPa when y/
Ho = 10.

(El) 150

100 1
50
T4 (kPa) 0

-50

0.1

T T T T
0 200 400 600 800 1000 4o (KkPa)

(b) 150
1007 /=10

504

T (kPa) 0

-50

-100 4

-150 . . T T 1 (kPa)
0 200 400 600 800 1000
(C) 150
100 A
0.1
504
0.4
T (kPa) 04
1004/ #/1=10
-150 ; . : r 1> (kPa)
0 200 400 600 800 1000

Fig. 4. Dependence of the stresses (a) T4, (b) Ty and (c) T} in Layer 1
with u, for inhomogeneity ratios u/u, =0.1, 0.4, 1, 2.5, 10. The other
elastic constants are listed in Table 2. The influence of the ratios on the
stresses is extrinsic, i.e., it persists even as i, tends to zero.

Fifth, it is interesting that T;ly) remains the same if the
materials are interchanged across the layers, as can be ver-
ified using Fig. 4(b). For instance, if u,=500kPa and
11 =200kPa, and if pp=200kPa and p4 =500 kPa,
Ty ~ —63 kPa in both cases. This is related to the require-
ment of the continuity of T,y across the interface. The same
does not hold for the other normal stress components, as
they experience a jump in value across the interface.

Sixth, each normal stress generally tends to different val-
ues as [, tends to zero, depending on the ratio /us.
Although both p; and p, approach zero, the induced normal
stresses can be very different if ;; approaches zero faster or
slower than u,. Indeed, Fig. 4(c) shows that when x, tends
to zero, T} is ~80 kPa if p; is ten times smaller than u,,
while T} is ~—110kPa if g, is ten times larger. This sug-
gests the intrinsic importance of elastic inhomogeneity: it
may significantly influence the magnitude and sign of the
second-order stresses even though the individual constants
are themselves vanishingly small. However, exceptions do
occur in the case of T{y and T}y if two ratios of yu1/u are
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Fig. 5. Dependence of the stresses (a) Ty, (b) T})) and (c) T3} in Layer 1
with p for inhomogeneity ratios 4,/u, = 0.1, 0.4, 1, 2.5, 10. The other
elastic constants are listed in Table 2. The influence of the ratios on the
stresses is intrinsic, i.e., it does not persist as y; tends to zero.

reciprocals of each other, these two stresses do tend to the
same values when p; and p; approach zero. This can be seen
in Fig. 4(a) and (b) where the curves for p;/z; = 10 and 0.1
(or 2.5 and 0.4) meet each other at y, = 0.

3.2.2. Inhomogeneity of Lamé constants

Next, the dependence of Ty, T\) and Ty on y for
J2/p; =0.1, 04, 1, 2.5 and 10 is studied. All other elastic
constants and the prescribed boundary conditions are
given in Table 2. Note that /,/u; =1 does not imply a
homogeneous block. The results are shown in Fig. 5. The
Lamé first constant 7, is related to the Poisson ratio
and shear modulus g, (all of Layer 2) according to
v, =1/2(1+ u,/42). Hence for a fixed py, as is the case
here, increasing 4, implies that v, approaches 0.5, i.e.,
Layer 2 tends towards incompressibility.

The dependence of all three normal stresses on p
appears to be similar. Many of the remarks made with
regard to Fig. 4 also hold here: the dependence on the
inhomogeneity is significant, the stresses can vary mono-
tonically with p; or possess extrema, depending on

(a) »

ma/1=1000
7 (kPa) 04
-104
-1000
20 . . r : 1, (kPa)
0 200 400 600 800 1000
(b) 20
1
ma/11=1000 100
10 ~100
73 (kPa) 04 -1000
-104
20 . T T T 1 (kPa)
0 200 400 600 800 1000

Fig. 6. Dependence of the stress T in Layer 2 with u; for
m, /i, =—1000, —100, 1, 100 and 1000. In (a) m; = —8465 kPa; in (b)
my = —2394 kPa. The other elastic constants are listed in Table 2. For the
most part, changing the value of m; results in a change in the sign of the
stress.

A2/ 144, and they can either demonstrate the positive or neg-
ative Poynting effect. An important result of Fig. 5 is that
the Poynting effect becomes more significant (the normal
stresses increase in magnitude) as Layer 2 approaches
incompressibility. For the elastic constants considered
here, these normal stresses are tensile at large values of
J2/ M4, i.e., the bilayer block tends to demonstrate a nega-
tive Poynting effect. A further interesting feature of the
curves in Fig. 5 is that there appears to be a specific com-
bination of the elastic constants that yields identical values
of the stresses. This congruence of stress values occurs at
11 ~ 61 kPa, regardless of the value of Z,. This can be
understood from Eq. (2.20), where C{" (which essentially
determines the normal stresses) can be expressed in the
form of y;(y; +7y342)/ (V2 + y342), Where py, 7> and p; are
some combinations of elastic constants, which leads to
the cancelation of the common factor in the numerator
and denominator and hence elimination of /, from the
stress dependence.

Note also that as p; tends to zero, each normal stress
converges to a single negative value irrespective of 1,/u;.
This is unlike the results in Fig. 4. This means that as long
as both p; and 4, approach zero, each induced normal
stress will be independent of how fast /, approaches zero
relative to p;.

3.2.3. Inhomogeneity of second- and third-order elastic
constants

Fig. 6 plots the variation of Tg() in Layer 2 with p; of Layer
1 for my/p; = —1000, —100, 1, 100, and 1000. The value of
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Fig. 7. Dependence of the second-order shear stresses (a) TXN,f and (b) T,z on the Y and Z coordinates of a bilayer rectangular block under generalized shear.

The sinusoidally varying Ty, gives rise to a generalized Poynting effect.

my = —8465 and —2394 kPa in Fig. 6(a) and (b), respectively.
Other relevant parameters are given in Table 2.

Overall, it can be observed that changing the value of m;
results in a change in the sign of the stress. Similar to Fig. 5,
a notable result of Fig. 6 is the convergence of TS() as the
Layer 1 shear modulus tends to zero. When the shear mod-
ulus of Layer 1 becomes vanishingly smaller, it appears
that changing the other elastic constants of Layer 2 (1,
and m,) will not alter the induced normal stresses. How-
ever, the values of these stresses would depend on the par-
ticular elastic constants. In Fig. 6, T tends to ~—17 and
~4 kPa for m; = —8465 and —2394 kPa, respectively.

Taking Figs. 4-6 together, we observe an important
effect of layer elastic inhomogeneity. If the inhomogeneity
is between the shear moduli p;/u5, then its influence on
the normal stresses is intrinsic, meaning that the stresses
may differ in magnitude and sign if these ratios are differ-
ent, even if the actual values of the individual constants are
vanishingly small. Exception does occur for TS() and Tw
when the values of u/y, are reciprocals of each other. If

the inhomogeneity is between other types of elastic con-
stants, such as /@y and my/p;, each normal stress will
be influenced by this inhomogeneity ratio only when the
elastic constants themselves are not vanishingly small.
This may be termed an extrinsic influence, in the sense that
the inhomogeneity ratio has an effect only when the indi-
vidual constants are not vanishingly small. Further simula-
tions show that all other inhomogeneity ratios such as
/22, MMy, 1[Ny, A1/ po, Mafpa, ma/Ay and my/2; exert an
extrinsic influence on the normal stresses.

3.2.4. Variation of the second-order shear stresses in the
vertical plane

To illustrate how the second-order shear stresses vary
in the block, T and Ty, are plotted versus Y and Z for
the set of elastic constants and boundary conditions given
in Table 2. These stresses are not a function of X.

Both shear stresses are of the order of 1 kPa and are not
small compared to the shear moduli u;=8kPa and
U =21.62 kPa. TM: reaches its maximum at mid-height
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and does not vary too much with Z. The distribution of T,
in Fig. 7(b) is more complex than that of T¢ in Fig. 7(a).
First, T,z is a strong function of both Y and Z. Second, the
distribution is odd with respect to Y and Z. Thus, with
respect to the mid-height position, T,z (Y =0.05 m, Z) and
Txz (Y=0.1 m, Z) have different signs. The signs of these
stresses are also reversed with respect to the mid-position
of Z.

We further note that T, is not present in simple shear
when the shear displacement U is taken to be a function
of Y only. In generalized shear when U is a function of both
Y and Z, T,; exists and tends to distort the block about the
Y-axis. Thus, a block when sheared only in the X-direction
(shearing of the block in the X-Y plane about the Z-direc-
tion) may also tend to shear in the out-of-plane Z-direction
(shearing in the X-Z plane about the Y-direction). This
effect may be called a generalized Poynting effect, in anal-
ogy with the existence of the normal stresses under simple
shear. A similar terminology has been given by dell'lsola
et al. (1998), in which a bar when bent stretches in the
absence of second-order resultant normal force.

3.2.5. Dependence of the interface vertical displacement on
elastic constants
According to Eq. (2.15), vertical displacements exist in

the bilayer block. In Fig. 8, V=1, (Y:L%,”) + vy

(Y:Lg(”) at the interface versus the change in elastic
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Fig. 8. Dependence of the vertical displacement at the interface
V(Y = L{") on (a) u, for different values of m, between —1.5 x 10% and
1.5 x 108 kPa, and (b) p; for different values of u, between 10 and
300 kPa. Strong influence of elastic inhomogeneity on the displacement is
evident.

constants is investigated. Fig. 8(a) plots V versus u, for
m, =0, +1.5 x 108, +3 x 107 kPa, while Fig. 8(b) plots V ver-
sus p; for u,=10,30,50, 100,300 kPa. Other parameters
are given in Table 2.

These interfacial displacements are of the order of
0.01 m, a significant fraction of the height (0.14 m) of the
block in this simulation. The interface can either migrate
upwards or downwards depending on the combination of
elastic constants. For a homogeneous block, there will be
no interfacial displacement. Hence, the interfaces in bilayer
devices may be designed to move in one direction or
another through a judicious selection of the layer
materials.

The limiting behavior of the interfacial displacement
when u, and w; tend to zero in Fig. 8(a) and (b), respec-
tively, is interesting. Fig. 8(a) shows that varying m, leads
to different values of V in the limit y; — 0, while Fig. 8(b)
shows that V is independent of i, in the limit u; — O.
The results in this figure show that it is possible to control
the interfacial displacement using either a second- or a
third-order elastic constant.

4. Conclusions

In this paper, the generalized shear of a soft bilayer
block is investigated using second-order elasticity. The
key contributions are (i) the study of a bilayer block, in
contrast to homogeneous blocks studied in most previous
works, (ii) a more general assumption of the shear dis-
placement being a function of Y and Z rather than Y alone,
and (iii) verification of theoretical predictions with
experiments.

In the experiments, agar-gelatin bilayer blocks
deformed under shear display lateral profiles which are
in good agreement with the theoretical predictions. The
presence of smooth profiles of different curvatures meet-
ing at a kink at the interface is predicted.

The numerical simulations, focusing on the dependence
of the second-order effects on the elastic constants, lead to
the following conclusions: (i) the layer elasticity inhomo-
geneity can influence significantly the sign and the magni-
tude of the second-order normal and shear stresses as well
as the interfacial displacement, (ii) the inhomogeneity as
represented by the ratio of the shear moduli has an intrin-
sic influence on the stresses, while inhomogeneity
between all other constants has an extrinsic influence,
(iii) the Poynting effect is predicted for both homogeneous
and bilayer blocks, and (iv) a generalized Poynting effect is
also evident, in which an out-of-plane shear stress is
induced when the block is sheared in-plane.
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