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Abstract. The Discrete Element Method (DEM) is a discrete, particle-based method commonly used in
studies involving granular media, e.g. sediment transport, and geomechanics. It is heavily dependent on
particle properties, and one important component is the force model, which relates the relative positions
and velocities of the simulated particles to the forces they experience. In this paper we model a collection
of lightly compacted granular material, released at a short distance above a flat base in a quiescent fluid
—similar to the process whereby sediment tailings are released back into the sea during nodule harvesting.
We employ different typical force models, and consider how their varying components affect the simulated
outcome. The results are compared with a physical experiment of similar dimensions. We find that a
realistic simulation is achieved when the force model considers the local solid fraction in the drag force,
and incorporates the hydrodynamic effect of neighbouring particles. The added mass effect increases the
accuracy of the outcome, but does not contribute significantly in a qualitative sense.

1 Introduction

The mechanics involved in fluid-solid interactions are the
focal point of many research problems. The vast majority
of such problems are not easily solved analytically due to
factors such as, but not limited to, boundary conditions,
complex and/or unsteady interfaces, complex geometry,
potential chemical reactions, and the coupling/interaction
at the solid-fluid interface. In the case of the solid being
a collection of granular particles, then a whole new host
of factors enter into the equation including the relative
concentration of the particles, the size distribution of the
particles and the shape(s) of the particles. Oftentimes,
physical experiments are unable to provide as much infor-
mation about these systems as desired and hence many
researchers turn to virtual laboratories using numerical
simulations to obtain the detailed information unavail-
able from physical experiments. Today, there are two main
approaches to numerical simulations: modelling the sys-
tem as a continuum (e.g., computational fluid dynamics
(CFD)), and employing a discrete, particle-based method
(e.g., dissipative particle dynamics (DPD) method [1–3]
and the discrete element method (DEM) [4]).

Continuous models like CFD are very widely used and
accepted, and there are several commercial software pack-
ages available to perform such simulations. CFD is based
on the Navier-Stokes equations, and thus any terms and

a e-mail: wangdongntu@gmail.com
b e-mail: mpetds@nus.edu.sg (corresponding author)

parameters involved are very closely tied to physical prop-
erties and processes like transport coefficients and con-
vection/diffusion, etc. It has been well developed over
time and applied to a great variety of problems involv-
ing different boundary conditions and levels of complex-
ity. However one disadvantage that still remains is the fact
that CFD cannot provide information at a scale smaller
than its mesh resolution. Given how large the domain
of interest typically is, the compromise between the level
of resolution and computation cost means that informa-
tion and finer details on the microscopic level are usually
lost. This includes particle-level interactions and struc-
tures, which are sometimes a major point of the research
investigation. In fact, particle-level characteristics which
may contribute to the bulk have to be accounted for —in
other words, approximated —using well-educated assump-
tions and constitutive relationships. These constitutive re-
lationships are obtained either via experiments —which
may be difficult for the very reason that they are on the
microscale— or via a particle-based, microscale method as
mentioned earlier. Thus, when modelling a multiphase sys-
tem involving a granular mixture, a continuous approach
may not be the most appropriate.

As the name suggests, particle-based microscale meth-
ods focus on the particle level (microscale), and approach
the problem from a discrete angle. Here the driving mech-
anism of the simulations is the interaction between parti-
cles, i.e. using Newton’s Laws to translate how the forces
of neighbouring particles affect the motion of each indi-
vidual particle. Logically then, particle properties (stiff-
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ness, elastic modulus, shape, size, density, etc.) as well as
particle interactions are of great significance. The infor-
mation which these simulations can provide is thus from
the microscale, but the analysis of these details over a
large domain can shed light on the larger picture —the
macroscale— as well as the constitutive relationships re-
quired for CFD. This makes particle-based methods a logi-
cal choice when studying granular systems, and they have
indeed been employed in several areas such as granular
segregation [5], avalanches and debris flow [6], sediment
transport [7, 8] and fracture mechanics [9, 10]. It is pos-
sible to model the entire solid-fluid system using a com-
bination of continuum and discrete methods (e.g. CFD-
DEM or Lattice Boltzmann-SPH). Some researchers how-
ever choose to have a one-way coupling —that is, the fluid
affects the solid motion but not vice versa. For instance
the work presented in [8, 11, 12], which model the motion
of sediment submerged in fluid using only the discrete ele-
ment method. Unlike a simulation with two-way coupling,
the fluid phase is implicitly considered through its effect
on the discrete phase, which could reduce a large amount
of calculation cost.

Perhaps the most significant component in any numeri-
cal simulation method is the force model, which relates the
relative positions and velocities of the simulated particles
to the forces they experience, and it is especially impor-
tant in multiphase systems. While the particle-particle in-
teractions are generally undisputed, the coupling between
the fluid and the solid is more complicated. Firstly there
is the issue of having a one-way or two-way coupling, i.e.
modelling the fluid’s effect on the solid but not the re-
verse, or modelling the mutual effects of both phases on
each other. Then there is the host of fluid-solid interac-
tion forces which are modelled in various combinations in
numerical simulations. These forces include, but are not
limited to, viscous drag, pressure gradient forces, added
mass (i.e. virtual mass), lift and the Basset force. When
modelling a granular mixture, there is an additional com-
plication, the effect of local concentration. In other words,
the presence of neighbouring particles (and their proxim-
ity) has a significant effect on how the surrounding fluid
influences the motion of any one particle. Attempts to ac-
count for this have been made by modifying the drag force
on individual particles, the local fluid viscosity, or various
other properties of the particles and/or fluid.

Stokes’ drag is a well-known and widely accepted
model for laminar flows with low Reynolds number. A
modification was proposed to the viscosity term, as a func-
tion of the local particle concentration [13]. Alternatively,
Di Felice’s drag force model [14] for a fluid-multiparticle
interaction system adds a voidage exponent to the hy-
drodynamic drag force expression. This exponent has a
constant value in both established laminar and turbulent
regimes, but varies with the particle Reynolds number
during the transition regime. The correlation of Wen and
Yu [15] and Ergun’s equation [16] are (semi-)empirical cor-
relations for drag obtained using experimental bed pres-
sure drop data of stationary beds. Other research has been
conducted to develop drag force correlations further ([17]
and [18]).

Likewise, there are a few added mass models used to
account for different concentrations of solid particles. The
added mass force represents the force required by a parti-
cle to accelerate the fluid surrounding it, and is typically
modelled as an increase in the effective mass of the parti-
cle. In most studies involving sand and water, the added
mass coefficient was assumed to be a constant 0.5, the
theoretical value for a sphere moving in an unbounded
fluid [19]. A modification was derived for the added mass
which depends on the local particle fraction [13]. Like-
wise, the added mass in the dilute limit was calculated
and expressions depending on the local concentration were
found [20,21].

The many force models employed today are of vary-
ing complexity and suitability to different problems, and
often they have to be modified specifically for the situ-
ation. How rigid particles falling through a viscous fluid
at low Reynolds number broke up was studied using a
two-way coupling and Stokes’ drag [22]. A coupled CFD-
DEM method to investigate the fluid-particle interaction
in mining and geotechnical engineering was presented [23],
in which Di Felice’s drag force model [14] was used. Nu-
merical simulations of a gas-liquid-solid system were con-
ducted including gravity, far-field pressure, Ergun [16] and
Wen and Yu [15] drag equations, lift force as well as added
mass forces [24]. The fluidization in a micro-reactor was
studied using the Zuber equation [13] for the added mass
in his numerical models [19].

One major issue in modelling is the balance between
the complexity of the force model and the computation
time cost. There is always the question of how encom-
passing a force model has to be to capture a sufficient
amount of the physics involved, while simultaneously bal-
ancing the computational time and power needed. Given
the various reported force models in the literature, we be-
lieve that a good model for the fluid force should include
drag, added mass, and —for a cluster of solids— distur-
bance from neighbours. Their relative significance is un-
known however, as well as possible dependence on local
concentration.

Here we use DEM to model a collection of lightly
compacted granular material, released at a short distance
above a flat base in a quiescent fluid. We employ differ-
ent typical force models based on the likely components
identified above, and consider how their varying compo-
nents affect the simulated outcome. We find that a realis-
tic simulation is achieved when the force model considers
the local solid fraction in the drag force, and incorpo-
rates the hydrodynamic effect of neighbouring particles.
Including the added mass force increases the accuracy of
the outcome, but does not contribute significantly quali-
tatively.

This paper is laid out as follows: we outline the physi-
cal experiment setup and corresponding results in sect. 2.
Section 3 contains details on the numerical simulations —
a brief description of the setup and boundary conditions of
the DEM simulation, the different force models employed
in this paper, and the numerical simulation results. The
overall results are discussed in sect. 4.
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Fig. 1. Physical experiment: sketch and photograph. The
lightly compacted sand is released underwater, at a height of
0.1 m above the floor of the tank.

2 Physical experiment

2.1 Experimental setup

This section describes the physical experiment carried out
as a reference for the simulations. The main objective here
is to identify significant characteristics exhibited during
the underwater dispersion process, which we can then use
to verify whether our simulations have contained the es-
sential physics. We acknowledge that quantitative charac-
teristics like the settling time, evolution of the dispersed
sediment cloud with time as well as the bulk velocity are
also important. However, we believe that the simulations
must first and foremost be able to capture the qualitative
behaviour; only later can the quantitative behaviour be
fine-tuned. Thus the emphasis here is on the qualitative
rather than the quantitative.

Figure 1 shows a sketch and photograph of the ex-
perimental setup. We used a tank (interior cross-section
0.43m by 0.195m, height 0.25m) with glass walls. Graph
paper lined the base and back wall of the tank, for ease
of measurements. Two rulers were also fixed in the tank
—one to the back wall, and one at the point where sand
would be released— to account for parallax error. The
tank was filled with water (at room temperature) to a

Fig. 2. Snapshots of the physical experiment (t = 0.05 to
0.7 s).

depth of 14.5 cm. The open-ended perspex sand container
is held in place with a retort stand, on top of a perspex
plate with a sliding panel, at 10 cm above the base of the
tank. The panel is slid to the side to allow the sand to fall
through.

Silica W7 sand (average diameter 1mm) purchased
from River Sands Australia was used. The sand was first
packed compactly into the perspex container and then
submerged in the tank. Once the water was relatively
undisturbed again, the sand was released into the water.

We used a Photron Fastcam SA5 to record the disper-
sion and settling process. The photographs from figs. 2
and 3 were extracted from the video. The experiment was
repeated several times, and the average settling time and
horizontal spreading distance were obtained.

2.2 Experimental results

Figure 2 shows one of the experiments in progress, with
the images advancing in time from t = 0 to 0.7 s (left to
right, then top to bottom). We can make the following
observations from fig. 2:

– In the first three images, the area of the sand cluster
increases slightly over time. This is due to the sand
expanding from its initially compacted state.

– Comparing the second row of snapshots, we see that
there is the clear formation of a spherical cluster which
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increases in size. In particular, particles in the centre
fall faster and further than those on the peripheries of
the cluster, before being recirculated up and along the
edges of the cluster. This implies that particles with
higher local concentration move faster than those with
lower local concentration.

– The horizontal spreading (which we call “xrange”) in-
creases from t = 0.5 to 0.6 s, causing the spherical
shape to become slightly distorted and wider at the
base. This phenomenon is caused by the particles ap-
proaching the wall, and is accounted for in model 4 by
the introduction of the “mirror” particles.

– In the last two snapshots, we observe that there is no
significant bouncing as the particles reach and settle
on the tank base.
The final spread area of the sand was measured for

three sets of experiments. The typical final settled shape
is shown in fig. 3, which is a circular ring surrounding a
smaller circular pile. In fig. 3, all the particles fell in a
circle of radius 40mm, with the majority within a circle
of 32mm radius. Considering the other two sets of exper-
imental results (not shown here), the sand falls in a circle
of 38–42mm, with the majority in a circle with radius
6–8mm smaller.

3 Numerical simulations

In this section we describe the simulated system, and
the related simulation parameters and boundary condi-
tions. To investigate the various force models described in
sect. 3.3, the simulated system will be a lightly compacted
granular mixture released underwater, a short distance
from the base. The simulation method of choice is DEM,
which was first introduced by Cundall and Strack [4] to
study granular dynamics. Specifically, we use the open-
source software LAMMPS [25] to perform the DEM sim-
ulations.

3.1 Discrete Element Method (DEM) details

The general calculation procedure during each time-step
begins with the relative positions and velocities of all the
particles in the simulation. This information is known
from the previous time-step, and is used to determine 1)
which particles are neighbours, and 2) how much contact
(overlap) they have with each other. The amount of force
exerted on each particle by its neighbour is then deter-
mined by the contact force model (part of which is out-
lined in sect. 3.3).

In our DEM simulations we employ the soft-sphere
contact force model for inter-particle contacts, i.e. the
particles are assumed soft enough that they are able to
undergo deformation when they are in contact with each
other. From Hertzian contact theory, the relationship be-
tween the deformation (overlap) is related to the repulsive
force between contacting particles as follows:

Fn = −knδ1/2
n nij − γnδ1/4

n δ̇n (1)

Fig. 3. Top view of the sand settled on the floor of the water
tank. The smaller circle includes ≈ 90% of the particles, while
the larger circle denotes the maximum spread area.

Table 1. Formulae for calculating stiffness and damping coef-
ficients.

Variable Formulae

kn (4/3)
√

ReffEeff

kt 8
√

ReffGeff

γn α
√

meffkn

γt α
√

meffkt

Reff (1/R1 + 1/R2)
−1

Eeff [(1 − ν2
1)/E1 + (1 − ν2

2 )/E2]
−1

Geff [2(1 + ν1)(2 − ν1)/E1 + 2(1 + ν2)(2 − ν2)/E2]
−1

meff (1/m1 + 1/m2)
−1

and

Ft = min
{
−ktδ

1/2
n δt − γtδ

1/4
n δ̇t, μcFn

}
. (2)

Fn and Ft are the normal and tangential forces gener-
ated between a pair of contacting particles i and j. kn, kt,
γn and γt are the stiffness and viscoelastic damping co-
efficients in the normal and tangential directions, respec-
tively, which are related to the particles material proper-
ties (see table 1). δn and δt are the normal and tangential
components of the overlap vector (dots overhead denote
rate of change with time) with magnitude δ, nij is the unit
vector acting along the line from the centre of particle j
to the centre of particle i, and μc is the material friction
coefficient.

Newton’s Laws then relate the resultant force and
torque on each particle to their acceleration, which is



Eur. Phys. J. E (2016) 39: 112 Page 5 of 15

Fig. 4. Simulation procedure: (a) particles are added randomly
into a rectangular container and allowed to settle, reaching a
fill height y0; (b) a rigid particle wall compresses the particles;
(c) the particles are allowed to resettle. In (d), the “initialised”
particles from (c) are released from rest 0.1 m above the bumpy
base.

integrated successively to obtain new values for velocity
and displacement. Performing this for all particles at that
time-step results in an updated set of position and veloc-
ity information. This procedure is repeated for a series
of small time-steps, allowing the simulation to progress
forward in time.

3.2 Simulation description

Figure 1 shows the general steps in the numerical simula-
tion. The process is meant to be similar to when sediment
tailings leftover from nodule harvesting are released back
into the sea. However we cannot simulate a continuously
large flow of particles and hence have simplified the proce-
dure: we release a lightly compacted collection of particles
from a short distance above a horizontal surface.

First we “initialise” the system —i.e., create the col-
lection of particles pre-release. Particles (450 circles of
1mm diameter, with density 2400 kg/m3, Young’s mod-
ulus 30MPa, Poisson’s ratio 0.3) are “poured” randomly
into a rectangular container with width 0.01m and height
0.1m (fig. 4(a)) and allowed to settle in the container un-
til the average kinetic energy is at a minimum, typically
reaching a height of y0 = 0.045m. Next, a rigid wall made
up of particles (5 circles with 2mm diameter, with mate-
rial density 2400 kg/m3) is used to compress the particles
(fig. 4(b)). The particles are then allowed to resettle for
a given time (fig. 4(c)). We consider this compressed and
resettled state as the initialised state of the particles. In
this work, the main purpose is to set a reasonable model
to simulate the motion of the sediments. The effects of

the amount of compression and initial solid fraction are
considered in a following work.

Next, the lightly compacted particles are allowed to
fall from rest through a quiescent medium with the same
properties as water (density = 1030 kg/m3, viscosity =
1.08 × 10−3 Pa s) from a distance of 0.1m above the base
(fig. 4(e)). It must be noted that although we have fixed
the far-field fluid velocity to be zero, the fluid velocity in
the vicinity of a particle can be non-zero if the Stokeslet
disturbance is included in the force model, which we de-
tail in sect. 3.3. Circles of 2mm diameter, fixed rigidly
in space, form the rough bottom boundary in the simula-
tion. As with the experiments, we use “xrange” to denote
the horizontal spreading of the particles throughout the
simulation.

The time-step size for all the simulations is 5× 10−6 s,
and we calculate the local solid fraction φ of a particle as
follows:

φ =
AP

AT
=

nπd2/4
10d × 10d

, (3)

where AT is an area in space with dimensions 10d by 10d
(equivalent to 0.01 × 0.01m2 for d = 1mm), and AP is
the area of the n particles whose centres fall within the
borders of the space.

3.3 Force models

The motion of each particle i is governed by Newton’s 2nd
Law of Motion

mi
dvi

dt
=

N∑
j=1

Fc
ij + Ff

i + Fg
i , (4)

where mi and vi are the mass and velocity of the i-th
particle, Fc

ij is the force exerted by the j-th particle on
the i-th particle, and Ff

i and Fg
i are the fluid effects and

gravitational force, respectively. Section 3 contains details
on the particle-particle interaction force Fc

ij , while the rest
of this section will describe how the effects of the fluid will
be modelled via the force term Ff

i .
Table 2 summarises the force models used, and the

main differences between them.

3.3.1 Concentration-dependent hydrodynamic drag

For this model the fluid effects have two components —the
drag force Fd and buoyancy Fb, which are expressed as
follows:

Ff
i = Fd + Fb = −Cd

ρf |(vi − ui)|(vi − ui)
2

A + mfg ,

(5)
where A is the projected “area” of the particle normal to
the relative velocity, mf is the mass of fluid (with density
ρf ) taking up the same space as the particle, d is the par-
ticle diameter, vi is the velocity of the i-th particle, ui is
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Table 2. Comparison of fluid force models.

Model Drag force Added mass Stokeslet disturbance

1 Concentration-dependent hydrodynamic drag no no

2 Concentration-dependent hydrodynamic drag Cm = 0.5 no

3 Concentration-dependent hydrodynamic drag Cm = (1 + 2φ)/(1 − φ) no

4 Concentration-dependent hydrodynamic drag Cm = 0.5 yes

5 Stokes’ drag no no

6 Stokes’ drag Cm = 0.5 yes

the fluid velocity at xi, g is the gravitational acceleration
and Cd is the drag coefficient defined as

Cd =
(

0.63 +
4.8√
Re

)
, (6)

where the particle Reynolds number is

Re =
ρfd|vi|

μ
, (7)

and μ is the fluid viscosity. For a constant size d and all
the particles starting out in a similar state, the drag force
experienced by each particle as they move through the
fluid is the same. In other words, the influence of the other,
neighbouring, particles on the drag force of an individual
particle is not considered. Such a model would be trivial,
and hence we consider instead a model where the drag
coefficient varies with local solid fraction [14].

Here, the drag force Fd is modified by adding a voidage
function g(ε) to the original expression Fd

0,

Fd = Fd
0 g(ε) = −Cd

ρf |(vi − ui)|(vi − ui)
2

πd2

4
ε−β ,

(8)
where ε is the local void fraction, and its exponent is de-
fined as

β = 3.7 − 0.65 exp
[
− (1.5 − log(Re))2

2

]
. (9)

For a single particle, the voidage fraction approaches one,
reducing the drag force back to the usual hydrodynamic
drag. Inversely, as the local solid fraction (the concentra-
tion) increases, the void fraction decreases (because the
concentration and the void fraction sum to one), resulting
in the function g(ε) increasing exponentially.

3.3.2 Concentration-dependent drag with added mass

In this model a third component, known as the added
mass, is introduced into the fluid effects term to model the
resistance experienced by the particle when accelerating
the fluid in its immediate surroundings

Ff
i = Fd + Fb + Fm. (10)

The added mass component is usually incorporated into
the governing equation on the left-hand side, written as

(mi + Cmmf )
dvi

dt
=

N∑
j=1

Fc
ij + Fd + Fb + Fg

i . (11)

This expands to:

(mi + Cmmf )
dvi

dt
=

N∑
j=1

Fc
ij −

1
2
Cdρf |(vi − ui)| (vi − ui)

πd2

4
ε−β

+(mf − mi)g, (12)

where Cm is the added mass coefficient.
There is no standard value for the added mass coeffi-

cient. The particle mass was increased by 20% to account
for the fluid mass in [26, 27], which resulted in Cm = 0.5
(assuming that the solid-fluid density ratio was 2.5). It
is found experimentally that the added mass varied with
local solid fraction, and Cm = (1 + 2φ)/(1 − φ) was pro-
posed [13], where φ = 1 − ε, is the particle fraction. We
will consider both these models in this paper.

3.3.3 Uniform added mass, concentration-dependent drag,
and Stokeslet disturbance superposition

This model is the most complicated of the models involv-
ing hydrodynamic drag so far, as it includes an attempt
to account for the effect of moving neighbours on the fluid
velocity in the immediate vicinity of a specific particle.
Even in a quiescent flow, there are fluid particles moving
as a result of the motion of a single particle falling under
gravity. For a group of particles, the motion at any point
in a fluid will, logically, be the collective result of all the
surrounding solid particles influence.

We can think of a Stokeslet disturbance as the effect
on the ambient fluid velocity of a single particle; the re-
sultant effect due to a collection of particles is then the
summation of the Stokeslet disturbances contributed by
the neighbouring particles. The superposition is weighted
by the proximity of the particles via the Stokeslet tensor
w(xi;xj), such that the effect is diluted for particles fur-
ther away from the point of consideration. At the centre
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of mass of the i-th particle xi, the disturbed fluid velocity
uf

i is approximated as

uf
i =

∑
j �=i

w(xi;xj)3πμd
(
vj − uf

j

)
, (13)

where vj is the velocity of the neighbouring j-th parti-
cle, 1 ≤ j ≤ N and uf

j is the fluid velocity at xj in the
absence of the j-th particle, from the previous time-step.
The Stokeslet tensor is given by

w(xi;xj) =
1

8πμ

(
I

|xi − xj |
+

(xi − xj)(xi − xj)
|xi − xj |3

)
,

(14)
where xj is the centre of mass of the j-th particle and I
is the identity tensor. The above expression for the fluid
velocity uf

i is then used in the concentration-dependent
drag term, so that the full governing equation is as follows:

(mi + Cmmf )
dvi

dt
=

N∑
j=1

Fc
ij −

1
2
Cdρf

∣∣∣
(
vi − uf

i

)∣∣∣
(
vi − uf

i

) πd2

4
ε−β

+
πd3

6
(ρf − ρ)g, (15)

where a constant value for the added mass coefficient
Cm = 0.5 is employed, and the drag varies with the lo-
cal solid concentration.

For this model, a special treatment is required to model
the Stokeslet disturbance contributed by the wall. This is
done by introducing “mirror” particles, i.e., when the par-
ticles are within a specified proximity to the wall, virtual
particles are introduced which are reflections of the actual
particles. The presence of the “mirror” particles results
in the mutual Stokeslet disturbances cancelling out ex-
actly along the wall. However when the particles are close
enough to the wall, the Stokeslet disturbance from their re-
flected counterparts results in a very large repulsion force,
which causes the particles to bounce. Hence, we only in-
troduce the “mirror” particles when the falling particles
are 10d (0.01m) away from the wall. The Stokeslet distur-
bance resulting from the real particles is only considered
when the particles are away from the wall with minimum
distance 5d (0.005m). We describe the implementation
of the Stokeslet disturbance and “mirror” particles with
greater detail in the appendix.

3.3.4 Stokes’ drag

Considering that the simulated system will be mostly lam-
inar, then Stokes’ drag may be more appropriate than the
hydrodynamic drag

Fd = −3πμd
(
vi − uf

i

)
. (16)

It should be noted that Stokes’ drag is valid only for
vanishing solid fraction. The governing equation for this
model is

mi
dvi

dt
=

N∑
j=1

Fc
ij − 3πμd

(
vi − uf

i

)
+

πd3

6
(ρf − ρ)g.

(17)

3.3.5 Uniform added mass, Stokes’ drag, and Stokeslet
disturbance superposition

This model is nearly identical to that in sect. 3.3.3, but
with Stokes’ drag instead of hydrodynamic drag. A con-
stant added mass coefficient Cm = 0.5 is applied here
again, but the drag force is independent of local solid con-
centration. The governing equation for this force model is
then

(mi + Cmmf )
dvi

dt
=

N∑
j=1

Fc
ij − 3πμd

(
vi − uf

i

)
+

πd3

6
(ρf − ρ)g. (18)

Here, as with the model described in sect. 3.3.3, we
introduce the “mirror” particles when the falling particles
are 10d (0.01m) away from the wall. The Stokeslet distur-
bance resulting from the real particles is only considered
when the particles are away from the wall with minimum
distance 5d (0.005m). A more detailed description of the
Stokeslet disturbance and “mirror” particles implementa-
tion is included in the appendix.

3.4 Numerical simulation results

Figure 5 plots the horizontal spread (top row), average
vertical displacement (middle row) and average vertical
velocity (bottom row) against time, for each of the six fluid
force models. For the concentration-dependent hydrody-
namic drag model (model 1), the particles settle down
at t ∼ 1.5 s, which is shown in both the average vertical
displacement and average vertical velocity. The increase
of the horizontal spread occurs in two main stages: the
initial stage (0–0.1 s), and the settling stage (1.2–1.5 s).
In the initial stage, the particles separate due to the ini-
tial compression and resultant repulsive forces between
particles. The horizontal spreading reaches approximately
0.06m after settling fully; the average vertical velocity re-
mains approximately constant at ∼ −0.1m/s except for
the initial acceleration and settling periods. This is due to
the relatively large drag force applied in model 1, which
increases with higher particle concentration, enabling the
particles to reach the terminal velocity quickly.

In models 2 and 3, the added mass force is incorporated
with the added mass coefficient Cm = 0.5 and Cm = (1 +
2φ)/(1−φ), respectively. There is no significant qualitative
difference among the results of models 1–3, except that the
introduction of added mass causes the settling process to
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Fig. 5. Evolution of the horizontal spreading (top row), aver-
age vertical position (middle row) and vertical velocity (bottom
row) with time for each model.

be slightly faster. At first, this seems counterintuitive —
added mass should be akin to additional drag, causing the
particles not to accelerate as much. This is certainly true,
however the resistance presented by the added mass will
be more evident later in fig. 6.

The behaviour of the system for the concentration-
dependent hydrodynamic drag force model with Stokeslet
disturbance (model 4) is qualitatively similar to the previ-
ous three models in terms of the horizontal spreading and
average vertical position, except that the process takes
place in approximately half the time (∼ 0.8 s for the par-
ticles to settle down). However a closer look at the average
vertical velocity shows a larger magnitude (the maximum
value achieved is ∼ −0.4m/s) and an absence of the veloc-
ity plateau, which implies that the resistance experienced
by the particles was slower to build up —allowing greater
velocities to be achieved— and the particles settled on the
base before reaching the terminal velocity. Another rea-
son for the greater velocity is the Stokeslet disturbance,
whereby the motion of the particles affects the surround-
ing fluid, which in turn provides additional acceleration
for the nearby particles.

The two models involving Stokes’ drag (models 5
and 6) are qualitatively similar to model 4, but both
systems settle faster (∼ 0.3 s for model 5 and ∼ 0.4 s
for model 6), spread more, and achieve greater verti-
cal velocities. The Stokes’ drag model (model 5) spreads
to ∼ 0.2m, which is a longer distance compared to
the concentration-dependent hydrodynamic drag model
(model 1), and the average vertical velocity reaches a max-
imum of ∼ −0.1m/s before decelerating. When a constant
added mass and Stokeslet disturbance is added into the

Fig. 6. Maximum (thick blue line) and minimum (thin black
line) y-coordinates of the particles against time. Parts (a)–(f)
correspond to models 1–6.

fluid force model (model 6), the particles first reach the
bottom at ∼ 0.4 s, with a maximum average vertical veloc-
ity of −0.7m/s, reaching a horizontal spread of ∼ 0.5m.
The greater velocities exhibited with these force models
are as expected, since Stokes’ drag generally has a smaller
magnitude compared to concentration-dependent hydro-
dynamic drag.

The effect of the Stokeslet disturbance superposition
is more obvious when comparing the models using hy-
drodynamic drag (model 3 and 4) —the average velocity
increases faster and to a greater magnitude, such that the
particles settle faster. The horizontal spread is also larger,
which is another indication that the overall resistance ex-
perienced by the particles is smaller.

Comparing hydrodynamic drag to Stokes’ drag (mod-
els 1 and 5), we observe that Stokes’ drag appears to be
of a smaller magnitude than the concentration-dependent
hydrodynamic drag —the average velocity increases faster
and to a greater magnitude, resulting in a smaller settling
time. The horizontal spread is also larger. This is also seen
in models 4 and 6, after including the added mass effect
as well as Stokeslet disturbance superposition.

Figure 5(a) also includes the experimental data for the
evolution of horizontal spreading. We observe that there is
a monotonic increase, eventually reaching a plateau (when
the particles have fully settled) at about 0.75 s. In terms
of magnitude, models 1–3 underestimate this spreading,
while the others overestimate it. Model 4 is the closest in
magnitude, with a difference of ∼ 0.038m.



Eur. Phys. J. E (2016) 39: 112 Page 9 of 15

Table 3. Particle settling times.

T1 (s) T2 (s) T2 − T1 (s)

Model 1 0.85 1.58 0.73

Model 2 0.90 1.50 0.60

Model 3 0.90 1.60 0.70

Model 4 0.23 0.83 0.60

Model 5 0.23 0.50 0.27

Model 6 0.18 0.88 0.70

Experiments 0.47 0.95 0.47

Figure 6 gives an indication of the vertical size of the
particle cloud by plotting the maximum (thick blue line)
and minimum (thin black line) y-coordinates of the parti-
cles against time, for each model. By comparing the verti-
cal distance between the two lines, we can observe how the
collection of particles spreads vertically during its falling
process. In general the two lines are qualitatively similar,
which implies that the collection of particles mostly fall
and settle as a cohesive whole.

Closer inspection, however, shows that for the hydro-
dynamic drag models (models 1–4, figs. 6(a)–(d)) the dis-
tance between the two lines increases, showing that the
higher particles fall slower than those below them. This
probably contributed to the smoother piling and settling
process upon reaching the bottom. Figure 6(d) exhibits
a small peak in the maximum y-coordinate towards the
end of the settling (at ∼ 0.6–0.9 s), which represents the
bouncing of particles due to the treatment of the wall
for the Stokeslet disturbance superposition as described
in sect. 3.3.3.

On the other hand, it can be observed that for the
Stokes’ drag model (model 5, fig. 6(e)) the distance be-
tween the two lines decreases, which means that the higher
particles fall faster than the earlier particles. There is a
small hitch in the maximum y-coordinate line towards the
end of the falling process (at ∼ 0.3–0.4 s) indicating where
the later particles reach the accumulating pile of particles,
and slow down before they settle.

At first glance, the addition of the Stokeslet distur-
bance (model 6, fig. 6(f)) results in some very qualitatively
different behaviour —instead of a mostly monotonic de-
crease in the maximum y-coordinate, there are a few lo-
cal peaks indicating bouncing. This is because there is
additional acceleration contributed by the Stokeslet dis-
turbance, which the relatively small Stokes’ drag cannot
fully balance. As a result the particles have a high veloc-
ity when they impact the base, leading to the bouncing
exhibited. This is non-representative of physical reality, as
seen when compared to the physical experiment results,
and hence we do not take measurements from this figure
for comparison with the others.

We use T1 to denote the time at which the particles
first contact the bottom, and T2 to denote the time at
which all the particles have settled and are stationary.
Table 3 lists the values of T1 and T2 for all six models. Due
to the initial compression and the shape of the container,

a portion of the sand sometimes becomes slightly jammed
in the container in the experiments. Thus, the sand does
not escape smoothly from the container as a single cluster
when released underwater. As a result, it can take longer
for all the sand to fully settle down in the experiment than
in the numerical simulations. However, the time taken for
the sand to first reach the bottom is unaffected, so we
can compare T1 when comparing the settling times of the
experiment and the numerical results. The average T1 for
the experiments is 0.47 s.

Due to the relatively large concentration-dependent
drag force, models 1–3 (figs. 6(a)–(c)) have a distinctly
larger T1 and T2 as compared to the other models. The ef-
fect of the added mass is also exhibited here —comparing
models 1 and 2, the increased resistance from the added
mass causes T1 for model 2 to be larger than that of
model 1. This does not hold true for the whole collec-
tion of particles however, as the final settling time T2 is
greater for model 1 than for model 2. However, the form
of the added mass coefficient affects the final settling time
—T2 = 1.5 s for Cm = 0.5 (model 2, fig. 6(b)) and 1.6 s
for Cm = (1 + 2φ)/(1 − φ) (model 3, fig. 6(c)).

Superposition of the Stokeslet disturbance also affects
the settling time, but in a less significant manner. For
the hydrodynamic drag models (models 3 and 4, figs. 6(c)
and (d)), both T1 and T2 are smaller when the Stokeslet
disturbance is considered; the overall time needed to set-
tle is only slightly decreased, however. Comparing models
5 and 6 (figs. 6(e) and (f)) for Stokes’ drag models, we
see that with the Stokeslet disturbance the first particle
reaches the bottom slightly faster than without. We can-
not compare the final settling time, as the bouncing in
model 6 (fig. 6(f)) results in an overestimate of T2.

Figure 7 shows snapshots of the simulations in
progress for the concentration-dependent hydrodynamic
drag model (model 1), concentration-dependent drag with
constant added mass and Stokeslet disturbance superpo-
sition (model 4), and both Stokes’ drag models (mod-
els 5 and 6), while fig. 8 shows the corresponding ver-
tical velocity and local solid fraction of all the particles in
each system at the same times. These times of the snap-
shots were chosen to be representative of the simulations’
progress: at the beginning, after release; in the middle of
the falling/settling process; and lastly when the particles
are mostly settling.

When the drag force is concentration-dependent
(model 1, fig. 8(a)), the particles initially fall with a speed
of ∼ −0.1m/s. At T = 0.75 s, the particles separate more
compared to those at T = 0.25 s. Their velocities are ap-
proximately unchanged. This matches the appearance of
the particles moving as a whole in fig. 7(a). At T = 1.5 s,
most of the particles are settled, and no bouncing is ob-
served. In all three snapshots, we observe that the qualita-
tive profile of the vertical velocity and local solid fraction
are similar —this implies that when the solid fraction is
low, the vertical velocity is also low, and vice versa. This
is not unexpected since the drag force is concentration-
dependent. We note that both the vertical velocity and the
local particle fraction are symmetric about x = −0.005 in-
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Fig. 8. Vertical velocity and local particle fraction of all particles for (a) model 1, (b) model 4, (c) model 5 and (d) model 6 at
increasing time intervals.

stead of x = 0. This deviation is due to the non-symmetric
separation of the particles after being released, rather than
any external forces.

As for the Stokes’ drag model results in figs. 7(c)
and 8(c), we observe that the particle vertical veloci-
ties of the particles range from −0.6 to −0.2m/s for the
Stokes’ drag force model (model 5). The local particle con-
centration is relatively low when the particles are falling
(φ < 0.2). At T = 0.25 s, some particles reach the bottom
and bounce, while other particles are still falling with high
velocity. There are two distinct local solid fraction profiles
shown —one bell-shaped curve corresponding to the al-
ready settled particles which are concentrating near x = 0,
and the less concentrated particles which are still falling
through the water, as can be seen in the snapshot. At T =
0.3 s, the vertical velocities of most particles are around 0,
while a small proportion of the particles are still falling.

Comparing the two models involving Stokeslet dis-
turbance (models 4 and 6, figs. 7(b) and (d), and 8(b)
and (d)), it can be seen that at T = 0.15 s, the vertical ve-
locity for model 6 is larger than that of model 4, which im-
plies that the particles in model 6 reach the bottom faster
than in model 4. At T = 0.3 s, the vertical velocities for
model 4 are nearly unchanged meaning that the particles
have already reached terminal velocity at ∼ 0.4m/s. How-
ever, the velocity distribution for model 6 is quite large,
due to the inclusion of both Stokes’ drag and Stokeslet
disturbance. Finally, at T = 0.55 s, most particles have
settled down. We observe that throughout the falling pro-
cess, the local solid fraction does not have the same qual-
itative profile as the vertical velocity, implying that the
influence of the solid fraction on the vertical velocity is
not significant.
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Fig. 7. Snapshots of the simulations for (a) model 1, (b) model
4, (c) model 5 and (d) model 6 at increasing time intervals.

Table 4. Features exhibited by numerical simulations.

Model Bouncing Higher Wall
concentration effect
moves faster

1 No No No

2 No No No

3 No No No

4 No Yes Yes

5 Yes No No

6 Yes Yes Yes

4 Discussion

Basically, the outstanding features of the physical experi-
ment are:

1) no obvious bouncing after the particles first make con-
tact with the ground;

2) the particles in the center fall faster than those on the
periphery of the cluster, resulting in a concentrated
cluster surrounded by slower, less concentrated parti-
cles;

3) the proximity of the floor (“wall effect”) causes the
horizontal spreading (xrange) to increase.

The most realistic numerical simulation would exhibit
all of the physical experiment’s outstanding features for

Table 5. Radii of particle settling circles.

All particles 90% particles included
(mm) (mm)

Model 1 29 21

Model 2 31 22

Model 3 30 21

Model 4 62 46

Model 5 93 45

Model 6 235 120

Experiments 38–42 32–36

qualitative similarity; the settling time and horizontal
spreading should also be of similar magnitude for quan-
titative similarity. We compare the features seen in the
numerical simulations in table 4. Table 5 lists the radii of
the circles formed by the settled particles in the numerical
simulations.

We see that of all six models, model 4 (concentration-
dependent hydrodynamic drag with constant added mass
coefficient and Stokeslet disturbance superposition) cap-
tures all these characteristics and it is thus the most re-
alistic model, qualitatively, for this particular system of
non-cohesive spherical particles falling through a mostly
quiescent fluid. However when comparing the data in ta-
ble 5, model 4 spreads out into a much larger area (the
radius is approximately 10 cm larger), while models 1–3
(concentration-dependent hydrodynamic drag with varia-
tions of added mass) are the closest to the physical exper-
iment results quantitatively. Additionally, from table 3,
model 4’s particles first reached the base within half the
time measured from the experiments, although the total
time taken to settle was similar.

We believe that the reason for this difference in hori-
zontal spreading between the “most realistic” force model
4 and the physical experiments is in the compaction of the
granular material. As described in the simulation process,
we apply a compaction to the particles so that the prepa-
ration process is similar to the physical process. However
because the particles are spherical and cannot pack as
well as the irregularly shaped real sand, this results in
large interparticle repulsive forces (larger than in physi-
cal experiments). Thus the horizontal spreading in model
4 is significantly larger than in the physical experiments
(see table 5 data) and therefore we cannot use xrange as
a measure for the fluid force models’ accuracy.

For our particular scenario, the force model 4 is the
closest to physical reality; however it is reasonable to be-
lieve that the other models may be more appropriate in
other situations. Models 2 and 3 (concentration-dependent
hydrodynamic drag with added mass), for example, would
be more realistic in systems where the solid-fluid inter-
action is significant. This includes fluid-sediment inter-
action in large seabed deformation, in which the added
mass effect due to porous media (the seabed) is impor-
tant [28]; and investigating sediment transport under os-
cillatory sheet flow, where added mass is an important
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Table 6. Different settings for Zones I, II and III (vertical
position y given in mm.)

Setting Zone I Zone II Zone III

i y > 0 0 ≥ y > −5 −5 ≥ y > −10

ii y > 0 None 0 ≥ y > −10

iii y > 10 10 ≥ y > −5 −5 ≥ y > −10

iv y > −5 None −5 ≥ y > −10

v y ≥ −10 None None

component of the inter-particle force [29]. On the other
hand, for fluid flows with very high Reynolds numbers
and relatively large or rapid particle motions, the Stokeslet
disturbance (included in models 4 and 6) should be con-
sidered as the solid particles may then affect local fluid
characteristics greatly.

Another factor to consider is the local concentration
of solid particles within the system. In our system, the
local solid concentration varies in both time and space.
Hence, force models 1–4 include concentration-dependent
components. However there are cases in which it is pos-
sible that the local concentration could be assumed to
have a relatively constant profile (depending on the time
and length scales), for which such models would be more
computationally expensive than needed. There exist em-
pirical measurements which could be utilised —for exam-
ple, the concentration profile of sand and bakelite grains
were measured experimentally in sheet flow by Pugh and
Wilson [30], the results of which have been used to study
bedload sediment transport [31]; while Sumer et al. [32]
investigated the concentration profile in sheet flow layer
of movable beds. If it were reasonable to apply these mea-
sured profiles to the system of interest, then instead of
a concentration-dependent force model a simpler version
would be applicable.

5 Computational parameters

In this section, we investigate two of the computational
parameters which may influence the simulation results
—namely, the zone within which “mirror” particles are
applied, as well as the relative significance of drag force
in our “best” fluid force model (model 4, concentration-
dependent hydrodynamic drag with constant added mass
coefficient and Stokeslet disturbance superposition).

5.1 Mirror particles

We first briefly described our usage of “mirror” particles
in sect. 3.3.3, and the appendix contains a more detailed
explanation. There are three “zones” of importance here
—Zone I is the area in which both real and “mirror” parti-
cles contribute Stokeslet disturbance to their neighbours;
in Zone II only real particles have contributions; and lastly
in Zone III Stokeslet disturbances are not considered at all.

Fig. 9. Evolution of the horizontal spreading (top row), aver-
age vertical position (middle row) and vertical velocity (bot-
tom row) in time for model 4 under different zone settings (see
table 6).

Table 6 shows the different zone combinations we investi-
gate here; our earlier presented results used combination i.

Figure 9 shows the horizontal spread (top row), av-
erage vertical position (middle row) and vertical velocity
(bottom row) against time for model 4 under different
zone settings. We see that:

1. The qualitative overall behaviour does not change
significantly if the Stokeslet disturbance contribution
from real particles is reduced slightly (comparing set-
ting i to ii), or if the contribution from “mirror” par-
ticles is reduced slightly (comparing setting i to iii).

2. However, if the range of Zone I is increased, i.e. the
contributions from a greater area containing “mirror”
particles are considered (comparing setting i to iv), we
observe that the horizontal spreading of the particles
has increased slightly, while the average vertical po-
sition and average vertical velocity does not change
much.

3. Finally, if the Stokeslet disturbance contributions from
all existing real and “mirror” particles are considered
(comparing setting i to v) then we observe a continu-
ous increase in the horizontal spreading with time even
after the particles have reached the base. This is due to
the particles always being disturbed and never reach-
ing a stationary state; something that is not observed
empirically.

Given our observations, we believe that our choice of set-
ting for Zones I, II and III (used for all the earlier pre-
sented results) does not have a significant effect on the
simulation results. In fact, apart from v, all the tested
settings i to iv give similar results.
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Fig. 10. Evolution of the horizontal spreading (top row), av-
erage vertical position (middle row) and vertical velocity (bot-
tom row) against time for model 4, with the voidage function
multiplied by a factor of 0.2, 0.4, 0.6, 0.8 and 1 (top to bottom).

5.2 Weighted drag force

The main features of the “best” fluid force model (model
4) are concentration-dependent hydrodynamic drag, con-
stant added mass coefficient and Stokeslet disturbance su-
perposition. In earlier comparisons we already observed
the significance of introducing the added mass effect as
well as the Stokeslet disturbance contributions. The only
component that has thus not been investigated more
closely is the drag force. It is undisputedly present, but
given that the simulated particles are relatively small,
then the significance of the drag force compared to the
other two components in the fluid force model comes un-
der question. Additionally, there are other factors which
could affect the drag —particle shape or surface rough-
ness, for instance— which have not been explicitly taken
into account. Hence in this section, we apply an additional
weighting factor to the drag force to artificially vary it,
while keeping the other two components of the fluid force
model unchanged. Figure 10 plots the horizontal spread-
ing, average vertical position and vertical velocity against
time for model 4, when the drag force is multiplied by a
factor of 0.2, 0.4, 0.6, 0.8 and 1.0, respectively. We ob-
serve that as the drag force decreases (from v to i), the
particles fall faster, reach the bottom earlier and generate
a larger spreading area. This behaviour becomes more ob-
vious when the drag force is very small. Of these observa-
tions, the first two are expected —reduced drag force nat-
urally means that the particles can accelerate downwards
faster. The increased spreading area follows directly as a
consequence of the higher impact velocity. Overall, this

shows that the simulation is very sensitive to the magni-
tude of the drag force.

From our earlier comparisons of the simulations to the
experiments, we concluded that model 4 was the most
realistic because it resulted in similar qualitative charac-
teristics. However the overall dispersion process was faster
(the particles reached the base faster) and the spreading
distance was larger. Given the sensitivity to the magnitude
of the drag force, this implies that model 4 can be made
more realistic by increasing the drag force —thus reduc-
ing the particle velocity as well as the spreading distance.
The need for an increased drag force can be explained
by considering that real sand particles are not smooth or
spherical, and thus would reasonably experience a larger
drag force than the ideal circles of the simulations.

6 Conclusion

This paper modelled a collection of slightly compacted
granular material, released at a short distance above a
flat base in a quiescent fluid using the Discrete Element
Method (DEM). Various fluid force models were used,
with different drag force and added mass formulations as
well as incorporation of Stokeslet disturbance. A simple
physical experiment was carried out to validate the nu-
merical simulations.

We observed that the outstanding features in the phys-
ical experiments were: no obvious bouncing, the particles
in the centre fall faster than those on the periphery of the
cluster, and the proximity of the floor causes the horizon-
tal spreading to increase. This led us to conclude that for
our current system of non-cohesive grains falling in a qui-
escent fluid, a sufficiently realistic simulation is achieved
when the force model considers the local solid fraction in
the drag force, and incorporates the hydrodynamic effect
of neighbouring particles. This force model includes the
added mass effect, but while it increases the accuracy of
the outcome, it does not contribute significantly in a qual-
itative sense. For quantitative accuracy, the magnitude of
the drag force should be increased, to account for the non-
spherical shape of real sand particles as well as their rough
surfaces.

Additionally, in the numerical simulations, the bounc-
ing is greatly reduced by the large magnitude of the
concentration-dependent hydrodynamic drag. The phe-
nomenon whereby particles with higher local concentra-
tion move faster is effectively modelled by incorporating
the hydrodynamic effect of neighbouring particles. Finally,
we can simulate the non-penetration boundary condition
of the wall, as well as the increased horizontal spreading
in its proximity, by introducing “mirrored” particles.

The results we obtained in this work are very impor-
tant in a few aspects: firstly, there is not a lot of liter-
ature comparing different DEM force models when ap-
plied to sediment in fluid; moreover, to the best of our
knowledge, no force model incorporating concentration-
dependent drag, Stokeslet disturbance and added mass
has been used and compared with experimental data. A
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force model which included Stokes’ drag and Stokeslet dis-
turbance was proposed in [22], however the drag force was
independent of the local particle fraction and the added
mass effect was ignored. Secondly, both the experiments
and theoretical analysis improve our understanding of the
underwater dispersion process, in particular the quali-
tative characteristics that are exhibited. By identifying
the one force model which captures all the pertinent be-
haviour, we then learn which fluid forces are dominant in
this process.

The authors would like to extend their gratitude to Prof. Phan-
Thien Nhan and his research group for constructive feedback
and discussion. This work was funded by the Singapore Min-
istry of Education (MOE) AcRF Grant, WBS no. R-265-000-
508-133.

Appendix A. Mirror particles & Stokeslet
disturbance

Consider a pair of particles, of average diameter d. If the
distance between them is very small, then each particle
will induce a large Stokeslet disturbance at the other’s
position according to the following equations:

uf
i =

∑
j �=i

w(xi;xj)3πμd
(
vj − uf

j

)
, (A.1)

w(xi;xj) =
1

8πμ

(
I

|xi − xj |
+

(xi − xj)(xi − xj)
|xi − xj |3

)
.

(A.2)

Following this logic, falling particles should then in-
duce large Stokeslet disturbances when they approach a
solid wall (the floor, in fig. 11). However there should be
no motion along the plane of the wall, so the Stokeslet
disturbances are cancelled by introducing “mirror” parti-
cles which are reflections of the real particles about the
wall. Since the mirror particles are only meant to model
the non-penetration of the wall, then particles that are
far away from the wall will not experience large repulsive
forces even if they are in close proximity.

While the “mirror” particles can result in the solid
wall being modelled perfectly, i.e. that particles exactly
on the plane of the wall do not move or pass through it,
this does not eliminate the fact that there are still very
large Stokeslet disturbances experienced when the falling
particles are close to, but not in contact with, the wall.
This manifests as the particles bouncing on the wall, in
numerical simulations. In order to reduce this unrealistic
phenomena, we adopt the following measures:

1. The Stokeslet disturbance arising from the real parti-
cles are only considered when they are at a distance
from the wall larger than 5d (0.005m).

2. We only introduce the “mirror” particles when the
falling particles are away from the wall at a distance
larger than 10d (0.01m).

Fig. 11. Sketch showing the range of influence of “mirror”
particles.

In other words, “mirror” particles contribute Stokeslet dis-
turbances to any neighbouring particles only when their
counterpart real particles are at a distance larger than 10d
(0.01m) away from the wall. When these real particles are
within the range of 5d–10d away from the wall (i.e., within
0.005–0.01m) then they no longer have “mirror” particles,
and thus only the real particles contribute Stokeslet dis-
turbances. However when they are at less than 5d away,
they no longer contribute Stokeslet disturbances.

Figure 11 illustrates this more clearly: particles A–F
which are more than 5d away from the wall will contribute
Stokeslet disturbances to their neighbours, while particles
G–I do not. Particles A–C, being larger than 10d away
from the wall, have “mirror” particles reflected about the
wall (x-axis) and these “mirror” particles will contribute
Stokeslet disturbances also.
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