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Helices are ubiquitous building blocks in natural and engineered systems. Previous studies
showed that helical ribbon morphology can result from anisotropic driving forces and
geometric misorientation between the principal axes of the driving forces and the geometric
axes. However, helical ribbon shapes induced by elastic modulus anisotropy have not been
systematically examined even though most natural and engineered structures are made
of composite materials with anisotropic mechanical properties. We build on a previously
developed model using continuum elasticity and stationarity principles to predict helical ribbon
shapes induced by material anisotropy under both isotropic and anisotropic pre-stretching con-
ditions. Results from finite element analysis and table-top experiments showed that the princi-
pal curvatures, chirality, and helix angles can be further tuned in anisotropic ribbons under both
isotropic and anisotropic pre-stretching conditions. This work can promote programmable
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design and fabrication of curved structures and devices. Published by AIP Publishing.
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Helices are ubiquitous in natural and engineered sys-
tems at all length scales, including DNA,1 seed pods,z’3
spores,* mechanical springs,” and nematic elastomers.®
Stable morphologies of ribbons include rings, pure twisted
ribbons, and spiral helical ribbons. They form as a result of
the competition between bending energy and stretching
energy. The driving force can come from surface or interfa-
cial stress,L9 edge stress,10 misfit strain,“’12 residual
stress,' differential growth,'* and swelling.> This energy
competition can also result in shape transition from a purely
twisted to a cylindrical helical ribbon depending on the
interactions between stress, preferred molecular orientations,
and chirality.'>™'” Their remarkable tunability makes helical
ribbons promising structural prototypes for a wide range of
applications in nanoelectromechanical systems (NEMS),?°
drug delivery,21 micro—robotics,zz’23 optoelectronics,24 and
bioinspired devices.'*>

Recent research has extensively documented the form
that helical ribbons assume when induced by mechanical
anisotropy.®?° Chen et al. employed the continuum elas-
ticity theory to predict the morphology of the helical ribbons
driven by isotropic or anisotropic surface stresses.”>' Armon
et al. developed a theoretical model to interpret the forma-
tion of helical seedpods.” Most of the previous studies on
helical ribbon formation assumed isotropic material proper-
ties;>’! however, the material properties in many physical
systems are anisotropic.**** For example, honey locust
seed pods can develop helical shapes as shown in Fig. 1.
This morphogenesis process has inspired us to look into how
principal curvatures, chirality, and helix angles are affected
by anisotropic material properties. A comprehensive under-
standing on the effects of the material anisotropy can inspire
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new ways of controlling the shape formation and transition
in spontaneously bent and twisted structures.*>~’

We began by conducting a series of table-top experi-
ments using the strain engineering method,” where bi-axial
pre-strains were imposed in to induce the formation of heli-
cal shapes. In this study, a piece of latex rubber sheet was
pre-stretched 40% in both x and y directions. An unstrained
elastic strip is bonded to the strained latex sheet on one side
and to another unstrained latex sheet on the other side, in
which case the driving forces are isotropic and the resulting
deformation is equivalent to that of a ribbon subjected to

FIG. 1. Helical seed pods of Honey Locust trees.

Published by AIP Publishing.
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isotropic surface stress.’” To create anisotropic driving
forces, an unstrained adhesive tape is bonded to two latex
rubber sheets on each side. The bottom sheet is pre-
stretched 40% in the horizontal direction and top sheet is
pre-stretched 40% in the vertical direction.*® To introduce
the material anisotropy, we arranged an array of Nitinol
wires between the upper side of the adhesive tape and the
top latex sheet. Wires are all placed along the y axis with an
equal spacing of 2.5mm in between to produce the aniso-
tropic elastic modulus. The strips were oriented at a misori-
entation angle 0 with the x-axis between 0 and 7/2 with an
interval of n/12. The geometry of the ribbons satisfies the
following conditions: length /> width w and w>> thick-
ness & (Fig. 2). ¥ and y’ denote the longitudinal and trans-
verse axes, respectively.

The transformation equations for strain in x',y are
given as

FIG. 2. Stable configurations of tri-layer ribbons (both experimental and
simulation results) with the bottom layer under isotropic mechanical pre-
stretch (40% biaxial pre-stretching in both x and y directions). (a) Isotropic
ribbons where the top layer (with a thickness of 0.15 mm) is the same latex
sheet as the bottom layer but without stretching. Young’s modulus and
Poisson’s ratio are 1.8 MPa and 0.49, respectively. The elastic strip compris-
ing the middle layer (2 = 1.43mm) has a Young’s modulus and Poisson’s
ratio of 2.0 MPa and 0.37, respectively. (b) Anisotropic ribbons where NiTi
wires have been placed between the top layer and the middle layer. The
spacing between the wires is 2.5 mm, the diameter is 0.2 mm, the Young’s
modulus is 60.9 GPa, and the Poisson’s ratio is 0.33.
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Evy = Exy COSZ0 + &y sin?0) + 7y Sin 0 cos 0
 Sin 0 cos 0

Tey = 2(&yy — &xc) sin 0 cos 0 + y, ( cos’0 — sin®0). (1)

) 2
Eyy = ExcSIN“0 + &y, cos0 —

Finite element (FE) simulations were conducted using the
commercial software ABAQUS to obtain the formation of
helical shapes after pre-stretch is released. The tri-layer system
is assumed to exhibit large deformation similar to the response
of hyper-elastic materials with 40% of pre-stretch. Tri-layer
without NiTi wire embedded is assumed to be isotropic. The
spacing between the wires is 2.5mm and the diameter is
0.2 mm. Models were built using quadratic solid elements (ele-
ment type C3D20R) with a total of 14 713 nodes and 3000 ele-
ments for the mesh geometry.” The Neo-Hookean model was
adopted as the material model. An equal-biaxial pre-strain
applied at the bottom layer of the model to simulate the
mechanical isotropic case. A pre-strain applied at the x direc-
tion of the bottom layer and y direction of the top layer was
used for the mechanical anisotropic case. The ABAQUS static
solver is employed for all the simulations with the consider-
ation of the NLgeom algorithm. The pre-strain effect is
implemented in ABAQUS through UMAT, the subroutine to
define a material’s mechanical properties. The degrees of free-
dom of one corner point is set to be zero as the boundary
condition.

In the first group, we started with the scenario of mechan-
ical and material isotropy when the bottom rubber sheet
is equal-biaxially pre-stretched by 40% (&, = &, = 40%,
Yy = 0%) and no wires were embedded (see Fig. 2(a)). It can
be shown that no matter what 0 is, gvy = &yy = Exey)vy = 0.
Therefore, it was inferred that deformed ribbon shapes should
be the same regardless of the 0 value. According to our previ-
ous work,” the ribbon forms a ring when either two principal
curvatures K, = Ky, 0 =0, or 0 = n/2. We further performed
FE simulations (as detailed above) to validate the above pre-
dictions. It can be seen in Fig. 2(a) that simulated, deformed
shapes are consistent with the experiments.

In the second group, the rubber sheets were stretched the
same way as in the first group but we introduced material
anisotropy by attaching Nitinol wires between the top-layer
rubber sheet and the bottom-layer strip along the y-axis such
that ribbons’ mechanical properties become anisotropic (more
specifically, orthotropic in this case), see Fig. 2(b). The wires
were equally spaced, all aligned in the y-direction, and
arranged in such a way that the volume fraction of wires is the
same for different 0 values. As expected, ey # &yy and Vey
2 0 unless sinfcos =0, ie., 0 is 0 or n/2 (proof in the
supplementary material). The deformed shape of the ribbons
varies as a function of 6. When 6 is 0 or /2, a ring shape still
forms, but the two principal curvatures are no longer the same
because of the elastic anisotropy. More specifically, because
elastic modulus E, > E,, two principal curvatures along the
x- and y-directions x, > k, (see supplementary material).
Finite element simulations confirmed the formation of ring-like
shapes with § = 0 and 7/2 when the mechanical properties
became anisotropic. Right-handed helical ribbons formed and
the shapes are dependent upon the misorientation angle
(0 € (0,7/2)) between the principal axes of the stiffness tensor
and the geometric axes (Fig. 2(b)). Here, a biaxial pre-strain of
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40% was chosen to showcase the formation of helical ribbons
when the material anisotropy was introduced. Different values
of pre-strains will necessarily give rise to different helical rib-
bon shapes as the shape is controlled by the pre-strains, the
elastic properties, and the density and orientation of the embed-
ded wires, but the mechanical principle stays the same.

In the third group, we considered the effects of anisotropic
driving forces in isotropic ribbons by uniaxially pre-stretching
the bottom sheet in the x-direction by 40% and the top sheet in
the y-direction by 40%. The deformation should be equivalent
to the scenario when only the bottom sheet is pre-stretched in
the x-direction by 40% and pre-compressed in the y-direction
by 40%, i.e., &, = —¢,, = 40%. Equation (1) reduces to

= £, (cos?0 — sin?0)

o

S

*‘\
|

&yy = &y ( sin?0 — cos?0)
Yy = —4&n sinbcos 0. )

For the isotropic materials as shown in Fig. 3(a), when 0
is 0, evy = &y, &yy = —&y, and Yy = 0. As expected, the

(a)

FIG. 3. Experimental and simulation results of the helical ribbons showing
mechanical anisotropic pre-stretch. The bottom layer was pre-stretched in the
x direction for 40% and the top layer was pre-stretched in the y direction for
40%. (a) Isotropic ribbons with the material property the same as in Fig. 2. (b)
Anisotropic ribbons where NiTi were equally spaced between the middle layer
and top layer.
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deformed ribbon was a ring with two principal curvatures,
i, and Ky, such that x, = —«,. Similarly, when 0 is 7/2,
another ring with principle curvatures of opposite signs
formed since &yy = —&x, Eyy = &y, and Yy = 0. In con-
trast, when 0 is n/4, gy = &y, = 0 and Yy = —2¢&y, sSUg-
gesting that the ribbon should form a purely twisted shape,
which is verified by our experiment. As the angle 6 increased
from O to ©/4, the shape transitioned from a ring to a right-
handed helical ribbon and to a purely twisted helical shape
when the angle reached 7/4. As the angle further increased,
right-handed helical ribbons formed again. Another ring
shape formed when 6 = 7/2.

In the last group, we introduced the material anisotropy
by adding an array of Nitinol wires to the ribbons while
maintaining the same pre-stretches as in the third group. The
altered elastic properties resulted in significant changes of
the helical ribbon shapes (see Fig. 3(b)). At 6 =0 and 7/2,
a ring still formed; however, the two principal curvatures
no longer had the same magnitude, ie., K, # —k,. In
between, right-handed helical ribbons were obtained again.
At 0 = /4, however, it did not form a purely twisted shape
as in the previous case. Since the elastic moduli changed
with the addition of wires, the principal curvatures became
different from those in isotropic ribbons, and so were the
helix angle and radius.

Helix angles (¢) and radius of all the tested conditions
were calculated with the following equation:'®

. <‘E> . (K1 — K2)sin O cos 0
@ = arcsin| — | = arcsin ,
o \/K12 c0s20 + K52 sin’0 3)

K1 cos20 + rk, sin0 ‘
)

112 c0s20 + 1,2 sin*0

where 7= (1] —Ky)sinfcos 6 and o= \/K12C0820 + K2 sin%0
by first obtaining x; and x, for the four sets of experiments.
The two principal curvatures x; and k; are essentially the cur-
vatures K, and x, along the x and y directions, which can be
obtained by taking the inverse of the measured radii of the rings
formed at 0 and 7/2 for each group. In Fig. 4, the helix angle
and radius are plotted against 0 values to characterize the helix.
The helix angles in group 1 are all zero, which is consistent
with experimental and simulation results shown in Fig. 2(a),
where ribbons all form rings with the same radius for different
0 values. Under similar loading conditions but with nitinol
wires embedded, the helix angle first increases until 0 reaches
n/3 and then decreases again to 0 when 0 reaches 7/2 (Fig.
4(a)). In contrast, the radius increases monotonically as 6
increases from O to 7 /2 (Fig. 4(b)). For group 3, the helix angle
increases linearly from O to 7/2, when 6 increases from 0 to
7/4; in fact, the helix angle is equal to 20 according to Eq. (3).
Then, the helix angle decreases linearly to 0 as 6 increases from
n/4 to 7/2 since the helix angle in this case is equal to 7-20. As
0 increases, the radius decreases to 0 when the ribbon becomes
a purely twisted shape at 0 =m/4 and then gets larger as 0
increases.

Lastly, in group 4 (under the same loading condition as
in group 3 but with embedded wires) the helix angle
increases first with 0 and reaches a maximum value when
0=m/3. Then, it decreases to 0 at §=m/2. The radius
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FIG. 4. (a) Helix angles (®) for the four tested conditions with different mis-
orientation 0 values. (b) Helical radius (R) for the four groups with different
misorientation 0 values. Experimental values for «, and x, for each group
were measured as (1) «, =k, = 80m™! (2) k, =87m ™', k, =25.6m~! (3)
Ky = —Ky = 95.2m~", and (4) Kk, = 74m~', Ky = —15m~".

decreases as 6 increases to 7/3 and then increases again as 0
increases to /2. It is noted that the absolute value of radius
at 0=0 is less than that at 0 =m7/2, because Ey, > E, and
Ky > Ky.

In summary, this study identifies the influence of aniso-
tropic material properties on shape formation and transition
in helical ribbons. The dependence of the radius and helix
angle on the misorientation angle is shown to be dramatically
different from that in isotropic ribbons. Under the same
equal-biaxial pre-stretching condition, ring shapes formed in
isotropic ribbons transitioned into helical ribbons when the
material properties became anisotropic. Under the mechani-
cally anisotropic pre-stretching condition, a purely twisted
ribbon forms when 0 = /4 and the material properties were
isotropic; the corresponding structure featuring anisotropic
material properties became a helical ribbon with a non-zero
radius. The addition of material anisotropy has enriched tun-
able features in the design of programmable matter for a
wide range of engineering applications.

See supplementary materials for schematics of the heli-
cal ribbons with Nitinol wires and corresponding theoretical
analysis.
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