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a b s t r a c t

Many biological and engineered systems can bemodeled as buckled thin rods with constraints. Examples
include microtubules in cytoskeleton, plant roots in soil, and oil pipes within a wellbore. However, most
previous studies focused on the buckling of a rod in a homogeneous environment, an idealization which
is often not realistic. Here, we study the buckling behaviors of an elastic rod embedded in a bilayer elastic
matrix using a combined experimental, theoretical, and computationalmethod. Our experiments showed,
for the first time, that the buckling amplitude can increase from the end where the compressive load
is applied. To interpret this new phenomenon, we built a theoretical model and identified an ansatz
for the transverse displacement. Our numerical results showed that material inhomogeneity, geometry,
and loading all have significant influences on the post-buckling behaviors of the rod. Moreover, our
study indicated that the stiffer layer of the elastic medium can be treated as a clamped boundary. These
results could find applications ranging from the penetration of needles through biological tissues to the
development of underground structures.

© 2018 Published by Elsevier Ltd.

1. Introduction

Many deformed structures in nature and engineering are analo-
gous to an elastic rod embedded in an elastic medium, e.g., micro-
tubules supported by cytoplasm in living cells [1–5], plant roots
grown in soil [6], electrodes embedded in brain tissues for deep
brain stimulation [7], and pipelines on the seabed [8,9]. The buck-
ling behaviors of these structures have drawn considerable atten-
tion in recent years to identify the effects of the medium on the
deformation of the rod. It was shown that a rod embedded in an
elastic matrix buckles into a pattern with a large wave number,
and hence sustains significantly higher compressive loads than
otherwise [10,11]. In fact, it was found that a cytoskeleton matrix
allows the microtubules of whole cells to withstand as much as
one hundred times more compressive force than they could in the
absence of an elastic network [2].

A number of models have been developed to investigate the
buckling of rods in an homogeneous isotropic elastic medium.
For example, the buckling of microtubules was studied within a
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network of intermediate filaments [12], and three different lat-
eral support conditionswere considered: unsupported, continuous
elastic support, and rigid support at irregular intervals. Later, the
microtubules in cell cytoskeleton were shown to be able to with-
stand significantly higher compressive forces, and the results were
confirmed experimentally and theoretically [2]. A following work
examined the force propagation along an elastic rod embedded
in a non-linear elastic matrix by taking into account both linear
and nonlinear effects [13]. However, in these previous studies,
researchers neither considered nor showed any variation in buck-
ling amplitudes. The buckling amplitude was revealed to decay
exponentially away from the end through both experiments and
theory, where the compressive load is applied by considering not
only the transverse coupling but also the longitudinal coupling
between the rod and its surrounding medium [14]. More recent
studies include buckling of rods due to growth [15] and buckling
of beam under two lateral constraints [16].

While the surrounding medium was assumed to be homoge-
neous in most studies [2,12–14], this assumption is typically an
oversimplification. For example, the cytoskeleton that supports
microtubules is not homogeneous [17]; the terrestrial environ-
ment in which plant roots grow is heterogeneous [18]; the tissues
that surround blood vessels are heterogeneous in nature [19]; and
the composition of the seabed that pipelines rest on varies [20].
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The effects of heterogeneous surrounding media remain poorly
understood, as only a few studies touched on this type of problem,
e.g., plant root buckling in a bilayer hydrogel medium [6] and
buckling of elastic beams in granular media [21].

In this paper, we first showed through experiments that the
buckling amplitude can increase from the endwhere the longitudi-
nal force is applied, in sharp contrast to previous findings [2,13,14].
To interpret this counter-intuitive phenomenon, we built a theo-
retical model for an elastic rod embedded in a bilayer elastic ma-
trix under compressive loading and obtained analytical solutions
within the framework of a variational theory. This work focuses
on the buckling shape and critical buckling load at the onset of
buckling. For simplicity, here we consider the buckling of a thin
elastic in a bilayer elastic medium. Nevertheless, this approach
can be generalized to study the buckling of a rod in a multilayer
medium.

2. Experiments and model

Westarted by experimentally investigating the buckling behav-
ior of a rod embedded in bilayered elastic medium as shown in
Fig. 1(a), (c) and movie S1. 40 g/L and 60 g/L gelatins were used
to build the bilayer elastic medium. Superelastic nitinol wires (55%
nickel, 45% titanium)with diameter 457.2µmobtained from Small
Parts, Inc were used. The Young’s modulus of the rod was found to
be E = 60.8 ± 1.0 GPa in a previous study [14]. The experiments
used porcine gelation (Sigma Aldrich) at a concentration of 40 g/L
for the top layer and 60 g/L for the bottom layer. The gelatin in the
study was made by dissolving gelatin powder into filtered water.
The samples were cooled to and held at 5 ◦C for 12–24 h to allow
for gelling. The length and diameter of the test tube is 220mm and
30mm respectively. For comparison, the buckling behaviors of the
rods embedded in 40 g/L or 60 g/L single layer gelatins were shown
in Fig. 1(e) and (f), respectively.

It was found that the buckling amplitude of the rod could
increase away from the loading point when the rod is embedded
in bilayered medium as shown in Fig. 1(c) , in contrast with the
decreasing behavior in previous studies [13,14] as exemplified in
Fig. 1(e) and (f). In order to understand this phenomenon, we
consider the buckling behavior of an elastic, isotropic, long rod
embedded in a bilayer elasticmatrix. The schematic illustration of a
rod embedded in bilayeredmatrix is shown in Fig. 1(g). Both layers
of the elastic media are isotropic, homogeneous and elastic with
different stiffness α1 and α2. The length of the elastic media in x-
direction is l1 and l2, respectively. A compressive force p is applied
at the top end of the rod. The deformation in the longitudinal
direction is assumed to be small. The displacement of the rod and
the angle between the rod’s tangential direction and longitudinal
direction are continuous through the interface of the two layer
matrix. The governing equations of the rod in each layer are derived
using the variational method.

The total potential energy of the system UT can be described as

UT = − p
∫ l1+l2

0

1
2
(u′)2dx +

∫ l1+l2

0

κ

2
(u′′)2dx+

α1

2

∫ l1

0
(u)2dx +

α2

2

∫ l2

l1

(u)2dx, (1)

where u(x) is the transverse displacement of the rod as a function
of the axial coordinate x; α1 and α2 represent the stiffness of the
first- and second-layer of the elastic media. κ = EI is the bending
modulus of the rod, where E is the Young’s modulus and I is
the area moment of inertia. The first term represents the axial
compression energy released by the buckling, the second term
represents the bending energy of the rod, and the last two terms
are the elastic strain energy associated with lateral deformation

Table 1
Parameters used in Fig. 1(a/b) and (c/d).

Fig. 1(a/b) Fig. 1(c/d)

κ 1.304 × 10−4 1.304 × 10−4

Layer 1 concentration Gelatin 40 g/L Gelatin 60 g/L
Layer 2 concentration Gelatin 60 g/L Gelatin 40 g/L
l1 125 mm 130 mm
l2 95 mm 90 mm
α1 73 Pa 313 Pa
α2 350 Pa 104 Pa
δL 0.9 mm 1.0 mm

into the surrounding medium. Here the rod is still assumed to be
long enough, but longitudinal coupling is not considered, unlike
in previous studies [13,14]. In what follows, we will show that this
inhomogeneity inmatrixwill also lead towave amplitude changes.

Using the variational method,

δUT = 0, (2)

the following governing equations for the two layers can be ob-
tained as:

p
d2ui

dx2
+ αiui + κ

d4ui

dx4
= 0 (i = 1, 2), (3)

where p is the applied compressive force.
The above governing equations can be non-dimensionalized as:

P
d2Ui

dX2 + AiUi +
d4Ui

dX4 = 0 (i = 1, 2), (4)

using

Ui = ui/lr ; X = x/lr ; P = l2r p/κ;

A1 = α1l4r /κ; A2 = α2l4r /κ. (5)

Here, lr is chosen as half of the length of the rod, i.e., lr = (l1+ l2)/2.
The length of the first layer and second layer elastic medium is
normalized as: L1 = l1/lr and L2 = l2/lr . The normalized total
length of the rod is then L1 + L2 = 2.

Solving the governing equation for each layer, the general solu-
tion of the above fourth-order ODE is obtained as:
Ui =Ci1cos(

√
mix) + Ci2cos(

√
nix)+

Ci3sin(
√
mix) + Ci4sin(

√
nix) (i = 1, 2) (6)

with

mi =
P −

√
P2 − 4Ai

2
, ni =

P +

√
P2 − 4Ai

2
. (7)

There are eight unknown constants Ci1, Ci2, Ci3, Ci4, i = 1,2, which
are solved using pinned–pinned boundary conditions as indicated
in the Supplementary Material.

The critical buckling load is obtained in the Supplementary
Material as:

Pcr = min{
√
4A1,

√
4A2}. (8)

In the case of rod buckling in homogeneous elastic media, i.e., A1 =

A2 = A, the critical buckling load is Pcr =
√
4A. Transforming the

above results back to dimensional parameters, pcr =
√
4κα, where

α1 = α2 = α. The above result is consistent with the prior works
[2,13,14]. The results show that the part of the rod embedded in
the softer elastic medium will buckle first when the compressive
force reaches its critical buckling loadmin{

√
4α1κ,

√
4α2κ}. It will

then cause the part of the rod embedded in stiffer elastic matrix to
buckle, which would otherwise be straight if the rod is embedded
in the homogeneous stiffer elastic medium.

Next, we compare the experimental, theoretical, and numer-
ical shapes of the rods embedded in 40 g/L (top)–60 g/L (bot-
tom) gelatin bilayer (Fig. 1(b)) and 60 g/L–40 g/L gelatin bilayer
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Fig. 1. Image of the experimental setup showing a compressed wire embedded in (a) 40 g/L (top)–60 g/L (bottom) bilayer, (c) 60 g/L (top)–40 g/L (bottom) bilayer, (e) 40
g/L single layer and (f) 60 g/L single layer . (b)/(d) The theoretical results (red), finite element simulation (blue) and experimental profile (black) of the wire in (a)/(c). (g)
Schematic illustration of an elastic rod embedded within a bilayer elastic medium.

(Fig. 1(d)), respectively. The black solid curve represents the ex-
perimental shape, the red dotted curve is the predicted shape
using the theoretical model, and the blue curve represents Abaqus
simulation results. The parameters used in themodel can be found
in Table 1. The stiffness α of the 40 g/L gelatin is estimated to be
between 73 and 104 Pa, while that of the 60 g/L gelatin is between
313 and 350 Pa. By using the estimated stiffness of the gelatin, the
wavelength of the same rod embedded in the single layer gelatin
is calculated as 88 mm for 40 g/L gelatin and 63 mm for 60 g/L
gelatin according to the method in [22], which agree reasonably
with experiments (not shown here). As can be seen from Fig. 1,
predicted shapes are in excellent agreement with experiments.
There is some discrepancy between the shapes, notably at the
interface between the two gelatin layers. The slight discrepancy
can be attributed to (a) the lateral displacement at the loading
point in experiments; (b) the longitude displacement at the loading
point, which is not accounted for in the model; (c) the decay of
the longitude force, not taken into account into the model; (4) the
transition at the interface, which is assumed to be continuous in
the model. A transition zone may exist in experiments due to the
inhomogeneity at the interface. It is also worth mentioning that
the total longitude displacement is 0.9 and 1.0mm for Fig. 1(a) and
(c) respectively, which is small compared to the length of the rod
∼ 220 mm.

3. Numerical results

To determine the quantitative relation between a rod’s buckled
profile and its geometric and mechanical properties, a series of
tests were performed following the theoretical framework pro-
posed. Specifically, this section investigates the dependences of
the buckled shape on the elastic stiffness of the bilayer medium,
interface position and applied force. The parameters used in this
section are all normalized.

3.1. Effect of the stiffness ratio of the bilayer elastic media

First, we studied how the stiffness ratio of the bilayer influ-
ences the bilayer shape. Fig. 2(a) plots the deformation of the rod
for different stiffness ratios A2/A1 = 1, 1.1, 2, 10, 50. Here A1
is fixed as 1000 and A2 is changing for different curves. L1 =

L2 = 1. The total longitudinal displacement
∫ L1+L2
0

1
2 (U

′)2dX is

fixed as 0.005. The normalized compressive force P is chosen as
the critical buckling load 2

√
1000 ≈ 64. The shape of the rod

is symmetric at the interface (A2/A1 = 1), when embedded in a
homogeneous elastic matrix. However, this symmetry is broken
even for small heterogeneity of the elastic matrix (A2/A1 = 1.1),
and the amplitude in layer 1 increases and in layer 2 decreases. As
the stiffness ratio increases, the amplitude ofU in layer 2 decreases
and the length of the wave in layer 1 decreases as new waves are
generated at the end of the rod. When the stiffness ratio is very
large, (A2/A1 = 50), the displacement in layer 2 is very small and
can be neglected. Thus layer 2 can be regarded as an additional
boundary condition, and therefore the original pinned boundary
condition at X = 2 becomes equivalent to a clamped boundary
condition. It should be mentioned that as the ratio increases from
1.1 to 50, themaximumamplitude ofU in layer 1 undergoes almost
no change.

Both experimental and theoretical results suggest that the
stiffer layer can be regarded as an additional clamped bound-
ary condition. Fig. 2(b) plots the position of 95% of longitudinal
displacement L0.95 against A2/A1 with A1 = 10, 100, 1000 and
10000. The other parameters used in this figure are the same as
those in Fig. 2(a). The L0.95 is defined as the point that makes∫ L0.95
0 (U ′)2dX/

∫ Lt
0 (U ′)2dX = 95%, which means that 95% of the

longitudinal displacement exists from 0 to L0.95. Thus, the part of
elastic medium from L0.95 to 2 can be considered as an additional
clamped boundary condition. It can be seen that L0.95 generally
decreases monotonically with A2/A1, which means that a stiffer
second layer works better as an additional clamped boundary
condition. L0.95 depends not only on the ratio of A2/A1, but also on
the value of stiffness A1 or A2. For the same A2/A1 ratio, a larger
A1 will lead to a smaller L0.95. When A1 is large (A1 = 1000 or
10000), L0.95 drops rapidly at the beginning. Taking the curve with
A1 = 10 000 as example, L0.95 = 1.913 at A2/A1 = 1 and it drops to
1.208 at A2/A1 = 1.6. Thus the stiffer layer can be regarded as an
additional clamped boundary condition, even for relatively small
stiffness ratios A2/A1 with large A1.

3.2. Effect of the stiffness ratio of the elastic media to rod

To illustrate the dependence of the rod shape on the elastic
matrix stiffness, U is plotted versus X for different elastic media
stiffness A2 = 10, 100, 1000, 10000, 100000 with A1/A2 = 2
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Fig. 2. (a) The deformation of the rod for different layer stiffness ratios A2/A1 = 1, 1.1, 2, 10, 50 with A1 = 1000. (b) The dependence of the percentage of the second layer
displacement in the total displacement

∫ Lt
L1

(U ′)2dX/
∫ Lt
0 (U ′)2dX on A2/A1 at the onset of buckling.

Fig. 3. The shape of a rod embedded in an elastic matrix with different stiffness A2
with A1/A2 = 2. The interface is at X = 1.

in Fig. 3. The critical buckling load P =
√
4A2 is used as the

compressive force here.
When the matrix stiffness is small (A2 = 10), the buckled am-

plitude is large, and the shape of the rod resembles Euler buckling.
As A2 increases, wave numbers increase and the magnitudes of the
displacement decrease. For example, the wave numbers of the rod
with A2 = 10, 100, 1000, 10000 and 100000 are 1, 2, 3.5, 4 and
6, respectively. To further understand the relation between wave
number and the relative stiffness of the elastic media and the rod,
the wave number is plotted against the media stiffness A2 with
A1/A2 = 2 in Fig. 4. Other parameters are the same as those in
Fig. 3. The wave number of the rod increases monotonically with
A2. The transition value of A2 is given in Table 2.

3.3. Effect of interface position

Fig. 5 shows the influence of the interface position on the rod,
and the buckled shape is plotted for different interface positions
L1 = 0.3, 0.5, 1.0, 1.5 and 1.7 of the two layer elastic matrix. The
normalized stiffness of the elastic media in layer 1 and layer 2 are
A1 = 1000 and A2 = 2000, respectively. The normalized length of
the rod is fixed as 2. The total longitudinal displacement is fixed as
0.005. The normalized compressive force P is chosen as the critical
buckling load 2

√
1000 ≈ 64.

Several interesting and unusual phenomena can be observed in
this plot. First, the interface position does not have much effect
on the wave numbers. In this range of the interface positions,
the wave number of the rod stays at 2. Second, the amplitude
distribution of the rod’s transverse displacement U changes with

Fig. 4. The dependence of the wave number on the stiffness of the elastic medium
A2 = 10j with A1 = 2A2 .

Table 2
The relation between wavenumber and A2 , where A2 = 10j .
j Wavenumber

0–1.52 0.5
1.53–2.14 1
2.15–2.89 1.5
2.90–3.27 2
3.28–3.65 2.5
3.66–3.95 3
3.96–4.17 3.5
4.18–4.44 4
4.45–4.57 4.5
4.58–4.90 5
4.91–5 5.5

the interface position. For small L1 (L1 = 0.3, 0.5), the amplitude of
U is larger in layer 1 and smaller in layer 2. As the interface position
increases (L1 = 1.5, 1.7), the amplitude of U increases in layer 2
and decrease in layer 1. This is reasonable because increasing the
interface position is similar to reducing the stiffness of the media
due to A1 < A2. To maintain the same applied force at two ends,
layer 2 as the stiffer part must provide larger support.

3.4. Effect of the compressive force

When supported by an elastic medium, a rod can sustain a force
larger than its original critical buckling load. Fig. 6 plots the shape
of the rodunder different compressive forces P = (1.05, 1.2, 1.5)×
Pcr and shows how the rod can change its shape as the compressive
force increases at the post-buckling stage. When the rod just starts
to buckle (P = 1.05Pcr ), the displacement in layer 1 is larger than
those in layer 2 due to the smaller stiffness of layer 1. For slightly
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Fig. 5. The shape of the rod for different interface position embedded in a bilayer
elastic medium.

Fig. 6. The shape of a rod embedded in a bilayer elastic medium with different
forces applied.

increased compressive force P = 1.2Pcr , the rod can sustain
the force by slightly increasing the displacement of layer 2 and
decreasing its displacement in layer 1. For large force P = 1.5Pcr ,
the rod must reduce its wave number from 2 to 3/2 in order to
generate a larger displacement in the stiffer layer.

4. Discussion

The essential difference between the current and previouswork
lies in the fact that the elastic media is not uniform throughout.
One important issue is the relationship between the stiffness α

and the Young’s modulus E of the medium. The stiffness of the
elastic media was estimated as α =

4πG
ln(2l/d) , where G the Young’s

modulus of the surrounding matrix, d the diameter of the rod, l
the wavelength of the rod after buckling [2]. However, l cannot be
determined a priori. By comparing the results of a 3-D elasticity ap-
proach and ‘‘Elastic rod approach’’, an estimation ofα was obtained
as:α = 2.8πµ0 , whereµ0 is the shearmodulus of the surrounding
matrix [15]. This result shows that the stiffness of the matrix is
independent of the length and diameter of the rod. By comparing
the experimental results and theoretical model used in our work,
the stiffness of soft elasticmedium can be estimated roughly as the
α1 and α2 shown in Table 1.

The buckling of a beam embedded in granular media was stud-
ied and two characteristic penetration ratios ac1 and ac2 were
proposed to estimate the effectiveness of the granular media as an
additional clamped boundary condition [21]. In our work, the total
displacement in the different layers were calculated and the 95%

Fig. 7. Normalized buckling wavelength λ/lr as a function of the dimensionless
matrix stiffness η.

displacement position L0.95 is identified for the different stiffness
of the two layers.

The bending rigidity and the matrix stiffness define a critical
length scale of the buckling waves. For a slender rod embedded in
homogeneous elastic medium, Su et al. (2014) [22] found that the
wavelength λ can be estimated as λ/lr = 6.88η−1/4, where lr is the
length of the rod and η = Eml4r /Er lr is the dimensionless matrix
stiffness. Jiang and Zhang (2018) [3] obtained an almost identical
prediction for the wavelength: λ/lr = 6.62η−1/4 using an energy
approach. As can be observed in Fig. 1(e) and (f), the normalized
wavelengths of the rod in 40 g/L and 60 g/L gelatin are 0.77
and 0.41, respectively. Fig. 7 shows that the normalized buckling
wavelength λ/lr as a function of the normalized matrix stiffness.
The solid curve shows the theoretical prediction λ/lr = 6.88η−1/4.
The dark and green circles show the experimental wavelength of
rod in 40 g/L and 60 g/L single layer gelatin respectively. Red circles
show the experimental data from [22]. The dimensionless matrix
stiffness we used are smaller than those used in [22]. It can be seen
that our experimental wavelengths agree well with the theoretical
predictions. However, there are some discrepancies, which may
due to the boundary effect. As η is small, the normalized wave-
length decreases to around 1, which means that there is almost
only one complete buckling wave. Thus the boundaries will play
a more important role and affect the wavelength. The normalized
wavelengths of rod in 40 g/L (top)-60 g/L (bottom) and 60 g/L (top)-
40 g/L (bottom) bilayered hydrogel are 0.45 and 0.32, respectively,
which are aroundhalf of thewavelengthwhen the rod is embedded
in 40 g/L hydrogel. This may be because the stiffer layer acts as a
clamped boundary condition and the effective rod length is about
half of the original rod length.

In experiments, the gelatin was formed with a rod embedded
in the fabrication process. Thus, the embedded element algorithm
was used in Abaqus simulation, which has a reasonable represen-
tation of our experimental setup and can be used in geometrically
linear or nonlinear analysis. However, in order to get an analyt-
ical solution via theoretical modeling, the longitudinal coupling
between rod and the matrix is neglected and the elastic matrix
is treated as an arrays of spring with stiffness α acting solely in
radial direction, similar to thework in [2,22]. Besides the two above
boundary conditions between rod and matrix, i.e., no sliding and
free sliding, the rod may also be able to slide inside the matrix
with non-negligible friction force. For example, if the gel is not fully
crosslinked due to short gelling time, the bonding between the rod
and thematrix is not good enough and the rod is able to slide inside
the matrix with non-negligible frictional force. In another situa-
tion,when the prescribed enddisplacement increases, the buckling
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amplitude increases correspondingly, until the rod/medium inter-
face fractures as studied by [23]. The coupling between the rod and
matrix in unfractured and fractured zone will be different, but it is
outside the scope of this study.

Last but not least, it is worth pointing out the limitations of
the current study and the implications for future research. Al-
though this work considers multilayer nature of elastic medium,
it does not consider anisotropy, time-independent viscoelastic-
ity and nonlinearity. Many supporting mediums are composites
and exhibit nonlinear behaviors. For instance, the cytoplasm that
supports the microtubules in living cells are composites and in-
herently nonlinear [24], and the soil that plant roots grow in is
anisotropic [6]. It has been shown that soft matrices exhibit many
interesting nonlinear phenomena [25–27]. The leading nonlinear
term of the supporting cytoskeleton was considered and the buck-
ling and force decay of the microtubules in cells were studied [13],
and a penetration depth was also found that depends on the non-
linearity of the elasticmedium. Furthermore, the force propagation
and the wavelength decay are also studied without considering
the nonlinearity [14]. Another assumption in our work is that the
depths of both layers are sufficiently large and the longitudinal
couple effect is negligible, either of which may not hold in some
scenarios. For instance, the buckling behaviors of a fiber within
an elastic network with a finite length was studied and it was
found that shorter fibers are more difficult to buckle than longer
fibers [28]. Therefore, our work opens ample revenues for future
research that will further address the effects of the nonlinearity of
the elastic medium, force attenuation along the rod, the influence
of finite length of the rod on buckling, etc., which will bring forth
new insights into this set of highly nonlinear mechanics problems
with broad implications in engineering applications.

5. Conclusion

In summary, the buckling of a rod embedded in bilayer elastic
medium is investigated using combined experimental, analytical
and numerical methods. The results show that: (i) layer inhomo-
geneity can significantly influence the direction and magnitude of
the transverse displacement; (ii) layer stiffness controls the wave
length and wave number of the buckling rod; (iii) loading can sig-
nificantly affect the shape of the buckling rod; with smaller waves
superimposed on larger waves under large compressive force, and
(iv) an additional clampedboundary condition is present due to the
layer elasticity inhomogeneity which limits most of the displace-
ment to the softer layer. This work not only helps to understand
various rod buckling phenomenon in multilayered matrices, but
also can find applications such as the insertion of robotic needles
in soft tissue [29] and the generation of underground structures via
trenchless technology [30].
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