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Abstract

Pneu-net soft actuators, consisting of pneumatic networks of small chambers embedded in elastomeric
structures, are particularly promising candidates in the society of soft robotics. However, there are few studies
on the analytical modeling of pneu-net soft actuators, especially in the three-dimensional space. In this
article, based on the minimum potential energy method and the continuum rod theory, we propose an
analytical model and corresponding design approach for a class of generalized pneu-net soft actuators
(gPNSAs) with both bending and twisting deformations by combining the geometric complexity and material
elasticity. We experimentally verify our modeling approach and finally investigate the effects of geometric
parameters, material properties, and external force on the deformations of gPNSAs, which can be used as a
tool for the design of gPNSAs. We further demonstrate that our developed model can predict the defor-
mations of gPNSAs made of multiple materials.

Keywords: generalized pneu-net soft actuators, analytical modeling, minimum potential energy method,
continuum rod theory, soft robotics

Introduction

Soft robots, different from conventional robots made
of rigid materials for repetitive works with fine accuracies,

are exclusively composed of soft materials that have em-
bodied intelligence and impedance compliance.1–4 This un-
ique feature makes them capable of changing their shapes or
sizes to adapt to the unknown environment, which is prom-
ising in the field of health care, field exploration, and human–
robot interaction. During the past decade, many pioneering
works on soft robot design have been reported for locomo-
tion,5–7 swimming,8,9 manipulating,10–13 and grasping.14–16

In these developments, soft materials (with moduli in the
order of 103–109 Pa) play the critical role because conven-
tional actuation mechanisms (such as motors, gears, and
screws) made of rigid materials (with moduli in the order of
109–1012 Pa) lack the compliance.1–4,17 Although the tendon-
driven mechanism with external motors18 and the series
elastic actuation19,20 provide the possible selections for
compliant human–robot interactions, such developed robots
are generally made of rigid materials and not real soft bodies.
The commonly used soft materials include elastomeric

materials,21–24 shape memory alloys/polymers,6,12 electroactive
polymers,3,25 and hydrogels.26,27 Under diverse physical stim-
uli, such as compressed air, temperature, humidity, voltage,
pH, and light, they can be used for soft actuation. Among
them, pneumatic soft actuators (also referred to fluidic elas-
tomer actuators or elastic inflatable actuators) are popular in
applications owing to their advantages of lightweight, safety,
low cost, and easy fabrication.22–24

In general, the pneumatic soft actuator consists of an an-
isotropic elastomer structure with embedded chambers. Upon
the pressurized fluid (air or liquid), this anisotropic structure
causes the soft actuator to extend, contract, bend, or twist.23,24

Depending on the different anisotropic structures, pneumatic
soft actuators can be generally divided into two categories:
fiber-reinforced pneumatic soft actuators and pneu-net
(pneumatic-network) soft actuators. The fiber-reinforced
pneumatic soft actuators are generally composed of a mono-
lithic hollow elastomer chamber, helically reinforced with a
network of fibers.28,29 Investigation of this kind of pneumatic
soft actuators can date back to the McKibben artificial mus-
cles.30,31 Alternatively, pneu-net soft actuators are a new type
of highly extensible soft actuator with pneumatic networks of
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small channels embedded in elastomeric structures.32,33 Re-
cently, many novel and interesting soft robotic systems with
these pneumatic soft actuators have been developed,34–44

which may refer to the recent survey articles22–24 for a more
comprehensive review.

Despite the diverse achievements, the design and modeling
of the pneumatic soft actuators usually rely on empirical
methods. While the finite element (FE) solvers45 are com-
monly used to verify the development and analyze the actu-
ator performance, the development of analytical modeling
approaches for pneumatic soft actuators is of importance.46–48

Recently, several pioneering works on analytical modeling
of fiber-reinforced pneumatic soft actuators have been
reported.28,29,49–51 However, they cannot be applied for the
pneu-net soft actuators. Unfortunately, there are few studies on
establishing an analytical model for pneu-net soft actuators. By
mapping the actuation space to the bending configuration,
Alici et al.52 developed a constant curvature model to estimate
the quasi-static bending displacement of pneu-net soft actua-
tors. However, this model can still be treated as a kind of gray-
box model, only considering the geometry of the actuators and
neglecting the elastic behaviors of the soft materials.

For the nonconstant curvature configuration, de Payr-
ebrune and O’Reilly53 attempted to use a linear, elastic, rod-
based constitutive model to capture the bending movement of
the pneu-net soft actuators, which well predicted the curva-
ture and radius of the bending deformation of the actuators.
However, the existing models are usually developed to
characterize the in-plane bending motion without the three-
dimensional (3D) motion.

Inspired from the nature (such as the vine plant and ele-
phant trunk) with helical 3D deformations, we have designed
and fabricated a generalized pneu-net soft actuator (gPNSA)
with oblique chambers that can generate both bending and
twisting motions in the 3D space, as shown in Figure 1.54

In this article, we propose an analytical model and corre-
sponding design approach for this kind of gPNSAs based on
the minimum potential energy method and the continuum rod
theory. Different from the pure geometric models, our con-
stitutive model takes both the geometric complexity and the
material elasticity into consideration. To verify the devel-
opment, we fabricate several gPNSAs and build an experi-
mental platform for testing. Comparisons between the
theoretical and experimental data show that the predictions of
our developed model agree well with the experimental results
of gPNSAs in the 3D space.

With the developed model, we further investigate the ef-
fects of material properties and geometric parameters on the
deformations of gPNSAs. Comparative results demonstrate
that our analytical model can be applied to predict the de-
formations of new gPNSAs with different geometric pa-
rameters and even multiple materials. To the best of our
knowledge, this is the first time to develop an analytical
modeling approach for characterization and prediction of the
3D deformations in pneu-net soft actuators, which can also be
used for design.

The remainder of this article is organized as follows. The
Design and Fabrication section briefly presents the design
and fabrication of the gPNSAs. The Constitutive Modeling
section provides the analytical modeling approach for
gPNSAs, and the Model Verification section experimentally
verifies the developed model. Finally, the Model Analysis

and Prediction for Design section presents the results of the
model analysis and prediction for design, and the Conclusion
section concludes this article.

Design and Fabrication

Figure 1a shows the schematic structure of our designed
gPNSA with the oblique angle of h, which consists of a top
chamber layer and a bottom layer. The top chamber layer of
the gPNSA contains a group of linearly arranged chambers
connected by an internal channel and a cylindrical connection
end for the pneumatic tubing. By tuning the chamber angle of
h (Fig. 1a), our gPNSA can achieve coupled bending and
twisting deformations when a pressure is supplied (Fig. 1b)
at the deformed state. The connection end serves to form
a mechanical connection between the chambers and the
pneumatic tubing. In addition, the bottom layer of the gPNSA
is made of much less compliant elastomers by comparing to
the elastomers in the top layer. In this sense, it can be torn or
separated from the actuator body when the gPNSA generates
more sophisticated coupled bending and twisting motions.

To fabricate the gPNSA, we also use the multistep molding
approach,54,55 which contains the following three steps:

(1) Casting the top chamber layer and bottom layer of the
gPNSA;

(2) Assembling the top chamber layer and bottom layer
to form the complete structure of the gPNSA;

(3) Screwing the actuator-tubing connector into the
connection end of the gPNSA for pressure supply.

In this work, both the molds for the gPNSAs and the male
stud push-in fit pneumatic fittings are 3D printed. Commer-
cial silicone elastomers (Elastosil M4601 [Wacker] and

FIG. 1. Schematic illustration of a gPNSA. (a) The
components of a gPNSA. (b) A gPNSA in the undeformed
state and deformed state. gPNSA, generalized pneu-net soft
actuator. Color images are available online.
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Ecoflex 00-30 [Smooth-On]) are used to cast the top chamber
layer and bottom layer of the gPNSAs. To fabricate the top
chamber layer and bottom layer, the elastomers are mixed,
defoamed, and injected into the molds. The filled molds are
placed in the oven at 70�C to cure the elastomers. After de-
molding, the top surface of the bottom layer is evenly coated
with the mixed liquid-state elastomer. The top chamber layer
is then placed on the bottom layer and the space between
them is filled with the mixed liquid-state elastomer. The two
layers are placed in the oven at 70�C until cured.

After curing, the complete structure of the gPNSA is fab-
ricated, while the gPNSA is fully enclosed. For inflation, the
connection end of the gPNSA is pierced with a needle to form
a thorough air channel. The actuator-tubing connector is fi-
nally screwed into the connection end of the gPNSA for
pressure supply. More details about the fabrication process
can be found in Ge’s results.55 In addition, the 3D printing
method has been presented to fabricate this kind of gPNSA.56

Constitutive Modeling

In this section, we present the constitutive modeling ap-
proach for a gPNSA. The equilibrium state is first obtained
based on the minimum potential energy method as introduced
in the Calculation of the Potential Energy section. We then
calculate the elastic energy stored in the gPNSA and the
potential energy of force in the Calculation of Elastic Energy
Wm section and the Calculation of the Potential Energy of
Force WF section, respectively. Minimization of the total
potential energy is given in the Calculation of the Minimum
Potential Energy section. In the Model of gPNSAs in the
Global Coordinate section, the deformation of gPNSA in the
global coordinate system is obtained based on the continuum
rod theory.

Calculation of the potential energy

In a gPNSA with n chambers (Fig. 2a), the total potential
energy P can be expressed by

P¼ n · (Wm�WF), (1)

where Wm and WF are, respectively, the elastic energy stored
in the silicone elastomers and the work done by the supplied
pressure in each chamber, and n is the number of chambers.

For each chamber with four parts as shown in Figure 2b,
we can calculate Wm as

Wm¼Wm1þWm2þWm3þWm4, (2)

where Wm1, Wm2, Wm3, and Wm4 are the elastic energies in
Part 1, Part 2, Part 3, and Part 4, respectively. According to
the theory of linear elasticity,57,58 the strain energy density
function per unit volume can be expressed as

Ws¼
1

2

E

1þ v
J2þ

Ev(1� 2v)

1þ v
J1

2, (3)

where J1 and J2 are the first and second strain invariants,
respectively, E and v are the Young modulus and Poisson
ratio of the elastomer. Therefore, we can calculate Wm1, Wm2,
Wm3, and Wm4 by

Wm1¼w · 2 · t1þ t2þ t3ð Þ
Rh1

x3 ¼ 0

Wsdx3

Wm2¼w · 2 · t1þ t2ð Þ
Rh1 þ h2 þ h5

x3 ¼ h1 þ h2

Wsdx3

Wm3¼w · 2 · t2

Rh1 þ h2 þ h3

x3 ¼ h1 þ h2 þ h5

Wsdx3

Wm4¼w · 2 · t2þ t3ð Þ
Rh1 þ h2 þ h3 þ h4

x3 ¼ h1 þ h2 þ h3

Wsdx3

8>>>>>>>>>>>>><
>>>>>>>>>>>>>:

, (4)

where w is the chamber inner width, which equals the actu-
ator width wo minus the thickness of the two side walls of the
gPNSA. In this work, the side wall thickness of the gPNSAs
is set to be 2 mm. t1, t2, and t3 are half of the distances be-
tween chambers, inside wall thickness, and half of the
chamber inner length, respectively.

Calculation of elastic energy Wm

To facilitate the calculation, we first define four coordinate
systems for the gPNSA, including the global coordinate X1–
X2–X3, local coordinate x1–x2–x3, chamber orientation coor-
dinate m1–m2–m3, and principal strain coordinate r1–r2–r3,
which are shown in Figure 2c.

In the global coordinate X1–X2–X3, the X1, X2, X3 axes are
set along with the actuator’s length, width, and thickness
directions, respectively, and the origin is set on the center
point of the bottom surface. At the undeformed state
(Fig. 2c–1), the local reference frame x1–x2–x3 coincides
with the global coordinate. However, it will be changed
following the deformation of the gPNSA at the deformed
state (Fig. 2c–2).

In the chamber orientation coordinate m1–m2–m3, the m1

axis rotates from the x1 axis by the chamber orientation angle
h about the m3 axis. In this work, we assume that the bending
and twisting motions of the gPNSA can be represented by a
helical rod with the pitch Pt and radius R, which will be
verified in the following experiments. In this sense, we can
set the r3 axis in the principal strain coordinate coincides with
the x3 axis and the r1 axis rotates counterclockwise from the
x1 axis in the same plane by an unknown parameter /, which
results in zero shear deformation in the r1–r2 principal strain
plane. Therefore, in the principal strain coordinate r1–r2–r3,
the strain only has three principal components. We define the
three principal components at x3 = 0 as e11, e22, and e33. Next,
we define the bending curvatures of the gPNSA along the r1

and r2 axes with curvatures j1 and j2, respectively.
Based on Euler–Bernoulli beam theory, we can calculate

the strain e(r)in the principal strain coordinate r1–r2–r3 by

e(r)
� �

¼
e(r)

11 0 0

0 e(r)
22 0

0 0 e(r)
33

0
@

1
A, (5)

where e(r)
11 ¼ e11þ x3j1, e(r)

22 ¼ e22þ x3j2, and e(r)
33 ¼ e33þ x3q.

Here, q denotes the gradient of the strain component
along the x3 axis, which is required for plane strain
compatibility.59,60

Thus, the strain invariants in Equation (3) can be re-
presented by61
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J1¼ e rð Þ
11 þ e rð Þ

22 þ e rð Þ
33

J2¼ e rð Þ
11

� �2

þ e rð Þ
22

� �2

þ e rð Þ
33

� �2

8<
: (6)

By further substituting Equations (6) and (11) into Equa-
tions (3) and (4), we can calculate the elastic energy Wm by
Equation (2).

Calculation of the potential energy of force WF

According to Equation (5), the strain e(m)in chamber ori-
entation coordinate m1–m2–m3 can be obtained by

where Q¼
cos (h�/) � sin (h�/) 0

sin (h�/) cos (h�/) 0

0 0 1

2
4

3
5represents the

transformation matrix that rotates the basic vectors r1–r2–r3

into m1–m2–m3 by an angle h–/ around the x3 axis in the
counterclockwise direction.

At the deformed state, when a pressure P is supplied to the
gPNSA, the potential energy of force WF in each chamber is
calculated by

WF ¼P ·DV , (8)

where DV is the volume change. Due to the geometrical in-
consistency at the front and the end of the gPNSA, the
complex inner structure, the helical deformation, and possi-
ble contact between the chambers, the exact amount of the

volume change is generally difficult to be obtained. Con-
sidering the fact that the bending and twisting deformations
of a gPNSA are mainly driven by the pressure in the top
chambers, we calculate the volume change of the top

FIG. 2. Schematic illustration of the dimensions and deformations of a gPNSA. (a) The gPNSA with length l, width wo,
height h, chamber angle h, and chamber number n. (b) Each chamber of the gPNSA is divided into Part 1, Part 2, Part 3, and
Part 4. The labeled geometrical parameters for each chamber are demonstrated. (c) The coordinate systems of the gPNSA at
the undeformed state and deformed state. (d) The deformation of centerline of the gPNSA is characterized with a helical rod
with the pitch Pt and radius R. Color images are available online.

e mð Þ
h i

¼ Q½ �T e rð Þ
h i

Q½ �

¼

e rð Þ
11 cos2 h�/ð Þþ e rð Þ

22 sin2 h�/ð Þ e rð Þ
22 � e rð Þ

11

� �
· cos h�/ð Þ · sin h�/ð Þ 0

e rð Þ
22 � e rð Þ

11

� �
· cos h�/ð Þ · sin h�/ð Þ e rð Þ

11 sin2 h�/ð Þþ e rð Þ
22 cos2 h�/ð Þ 0

0 0 e rð Þ
33

2
6664

3
7775

, (7)
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chamber in Equation (8) for simplicity. To consider the vol-
ume change of other parts, we introduce an effective parameter
c, as generally used in the literature.49,53,62 Therefore, the
volume change can be obtained by DV ¼ c · h3 · w

sin h ·
2t3e

(m)
22 , where h3 and w

sin h are the height and width of the

chamber, respectively, and 2t3e
(m)
22 is the length change in the

x1 direction.
Using Equations (7) and (8), the potential energy of force

WF can then be obtained by:

WF ¼ c · P · h3 ·
w

sin h
· 2t3e

(m)
22

¼ c
2Ph3wt3

sin h
e rð Þ

11 sin2 h�/ð Þþ e rð Þ
22 cos2 h�/ð Þ

h i
,

(9)

where c is fitted based on the theoretical predictions and
experimental results.

Calculation of the minimum potential energy

Based on the obtained Wm and WF, the total potential en-
ergy P in Equation (1) can be further prescribed as a function
of seven independent variables in the form of

P¼P(j1, j2, q, e11, e22, e33, /): (10)

At the condition of equilibrium, the total potential energy
is minimum against small changes in the seven independent
variables, which indicates

qP
qj1
¼ 0

qP
qj2
¼ 0

qP
qq
¼ 0

qP
qe11
¼ 0

qP
qe22
¼ 0

qP
qe33
¼ 0

qP
q/ ¼ 0:

8>>>>>>>>>><
>>>>>>>>>>:

(11)

By solving the seven equations in Equation (11) numeri-
cally, the seven independent variables can be obtained.

Model of gPNSAs in the global coordinate

According to the results in Equation (11), we have ob-
tained the constitutive model in the principal strain coordi-
nate r1–r2–r3. Next, we will derive the constitutive model in
the global coordinate X1–X2–X3 to further analyze the de-
formations of the gPNSA in the 3D space.

As shown in Figure 2d, we can use the centerline to repre-
sent the deformation of the gPNSA. Based on the continuum
rod theory,63 the points along the centerline can be represented
by a vector P(s) in the global coordinate X1–X2–X3 as:

P¼P sð Þ¼X1 sð ÞX1þX2 sð ÞX2þX3 sð ÞX3, (12)

where s denotes the arc-length parameter. Since the tangent
direction of the centerline coincides with the x1 direction, we
can obtain

dP

ds
¼ x1: (13)

According to the coordinate transformation, the relation
between r1–r2 basis and x1 basis is

x1¼ r1 cos /� r2 sin /: (14)

By substituting Equation (14) into Equation (13), we can
obtain

dP

ds
¼ r1 cos /� r2 sin /: (15)

In addition, the changes of r1 and r2 with respect to s can be
expressed as

dr1

ds
¼ � r3j1 cos /

dr2

ds
¼ � r3j2 sin /

: (16)

Since r3¼ r1 · r2, the first- and second-order differentia-
tion of r3 basis with respect to s can be expressed as:

Table 1. Geometrical and Material Parameters for Generalized Pneu-Net Soft Actuators

with Different Chamber Angles

Parameters h ¼ 15� h ¼ 30� h ¼ 45� h ¼ 60� h ¼ 75� h ¼ 90�

t1 (mm) 3 1.5 1.5 1 1 1
t2 (mm) 3.865 2 1.415 1.155 1.035 1
t3 (mm) 2.135 1 1.085 0.845 0.965 1
h1 (mm) 3.5 3.5 3.5 3.5 3.5 3.5
h2 (mm) 2 2 2 2 2 2
h3 (mm) 7 7 7 7 7 7
h4 (mm) 2 2 2 2 2 2
h5 (mm) 4 4 4 4 4 4
h (mm) 14.5 14.5 14.5 14.5 14.5 14.5
l (mm) 104 104 107 104 104 104
w (mm) 11 11 11 11 11 11
wo (mm) 15 15 15 15 15 15
n 2 8 11 13 13 15

E (kPa) M4601: 483.5 Ecoflex 00-30: 125
m M4601: 0.499 Ecoflex 00-30: 0.499
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dr3

ds
¼ j1 cos /r1� j2 sin /r2

d2r3

ds2
¼ � j2

1cos2/þ j2
2sin2/

� �
r3

: (17)

To resolve Equation (17), we will use the following two
boundary conditions:

(1) r3(s¼ 0)¼X3;

(2) dr3(s¼ 0)
ds

¼ j1 cos /r1(s¼ 0)� j2 sin /r2(s¼ 0) with
r1(s¼ 0)¼ cos /X1þ sin /X2 and r2(s¼ 0)¼
� sin /X1þ cos /X2.

Then, we can obtain

r3¼
b
a

sin as

� 	
X1�

s
a

sin as
� �

X2þ ( cos as)X3, (18)

FIG. 3. Experimental, FE simulated, and theoretical results of the deformations of the gPNSA with 45� chamber angle
under different supplied pressure P. (a) P = 10 kPa. (b) P = 20 kPa. (c) P = 30 kPa. (d) P = 40 kPa. (e) P = 50 kPa.
(f) P = 60 kPa. FE, finite element. Color images are available online.

Table 2. Fitting Parameter c for Generalized Pneu-Net Soft Actuators with Different Orientation Angles

h 15� 30� 45� 60� 75� 90�

c 0.12 1 2.72 3 4 5

6 GU ET AL.
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where a¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
j2

1cos2/þ j2
2sin2/

q
, b¼ j1cos2/þ j2sin2/,

and s¼ (j2� j1) sin / cos /.
By substituting Equation (18) into Equation (17) and in-

tegrating both sides, r1 and r2 can be calculated by

r1¼ cos /þ b
a2

j1( cos as� 1) cos /

� 	
X1

þ sin /� s
a2

j1( cos as� 1) cos /
� �

X2

� j1

a
sin as cos /

� �
X3,

(19)

r2¼ � sin /� b
a2

j2( cos as� 1) sin /

� 	
X1

þ cos /þ s
a2

j2( cos as� 1) sin /
� �

X2

þ j2

a
sin as sin /

� �
X3:

(20)

With Equations (19) and (20), we can integrate Equation
(15) to obtain the points P on the centerline as follows:

FIG. 4. Experimental, FE simulated, and theoretical results of the deformation of the gPNSAs with different chamber
angles when P = 40 kPa. (a) h = 15�. (b) h = 30�. (c) h = 45�. (d) h = 60�. (e) h = 75�. (f) h = 90�.Color images are available
online. Color images are available online.
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X1 sð Þ¼ scos2/� j1sbcos2/
a2

þ j1bcos2/ sin sað Þ
a3

þ ssin2/� j2sbsin2/
a2

þ j2bsin2/ sin sað Þ
a3

,

(21)

X2 sð Þ¼ s j1þj2þ j1� j2ð Þ cos 2/ð Þ sa� sin sað Þ
2a3

, (22)

X3 sð Þ¼ cos sa� 1ð Þ j1þ j2þ j1�j2ð Þ cos 2/ð Þ
2a2

: (23)

Based on the geometric relation of a helical rod, we can
further calculate the pitch Pt and radius R (Fig. 2d) as follows:

Pt¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
X1 s¼ 2p

a

� 	2

þX2 s¼ 2p
a

� 	2

þX3 s¼ 2p
a

� 	2
s

¼ 2p
j1� j2ð Þ sin 2/

j2
1þ j2

2þ j1� j2ð Þ j1þ j2ð Þ cos 2/

����
����

,

(24)

R¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
X1 s¼ p

a

� �2þX2 s¼ p
a

� �2þX3 s¼ p
a

� �2� Pt=2ð Þ2
q

2

¼ j1þ j2þ j1� j2ð Þ cos 2/
j2

1þj2
2þ j1� j2ð Þ j1þ j2ð Þ cos 2/

����
����

:

(25)

Model Verification

In this section, the comparative experimental and FE re-
sults are presented to verify the effectiveness of our devel-
oped constitutive model by changing the supplied pressures
and the oblique chamber angles.

In the theoretical predictions, the inputs are the geomet-
rical and material parameters and the applied pressure of the
gPNSA. The output is its deformed shape, which is generally
characterized by the slope S (or pitch Pt) and curvature j. The
current model is implemented in a MATHEMATICA code,
and the coordinates of each point on the gPNSAs are out-
putted. The deformation is then plotted using ParaView.64 All
model parameters are determined by the material property
and geometry of the gPNSA, which are summarized in
Table 1. The parameter c is identified in Table 2 for different
angle h0 = 15�, 30�, 45�, 60�, 75�, and 90�, respectively. Note
that the fitted parameter c is the same for one gPNSA with a
certain chamber angle and we will not tune it in the following
model verification.

Model verification with different supplied pressures P

First, we experimentally verify our model with different
supplied pressures P (i.e., P = 10, 20, 30, 40, 50, and 60 kPa).
The setup and method to measure the deformation of the
gPNSA are detailed in our previous work.54 As an illustra-
tion, Figure 3 shows the visual comparison between the ex-
perimental, FE simulated, and theoretically predicted
deformations of a gPNSA with the chamber angle of 45�. In
this figure, both front and side views of the gPNSA are plotted

for a clear observation of the bending and twisting defor-
mations in the 3D space.

From the qualitative comparisons, we can see that our
model predictions agree well with the experimental results.
With the increase of the supplied pressures, there is a little
discrepancy at the end of the gPNSA.

FIG. 5. Determinations of the Pt and radius R by fitting
the experimental deformed shape with the parametrization
of a helix. Snapshots of gPNSAs with h = 45� and P = 90 kPa
in (a) side view and (b) front view. The coordinates of the
points on the centerline are obtained by the ImageJ. Fittings
of the parametrization of the helical function with the ob-
tained experimental points are shown in (c) side view and
(d) front view, respectively. (e) The fitting of the obtained
points with the parametrization of a helix in 3D (experi-
mental results: red markers; model predictions: black solid
curve). Color images are available online.
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Model verification with different chamber angles h

By varying the chamber angles (i.e., h = 15�, 30�, 45�,
60�, 75�, and 90�), Figure 4 also shows the visual com-
parison between experimental, FE simulated, and theoret-
ical predicted deformations of a gPNSA under the supplied
pressure of 40 kPa.

It can be seen that with small h, our model agrees well with
the experimental and FE simulated results. However, with a
relatively larger h (such as h = 60�), FE simulated results
predict better than the theoretical results. As h is around 60�,
the gPNSA will mainly twist along its centerline (as will be
shown in Fig. 9). Therefore, a large contact force will exist
between the chamber and drive the gPNSA to deform, which
is neglected by theoretical modeling. With further increase of
chamber angles (such as h = 75� and 90�), our model pre-
dictions agree well with the experimental results, comparing
to the FE simulated results.

Quantitative comparisons

In geometry, the curvature mainly characterizes the
bending deformation and the pitch describes the out-of-plane
twisting motion. For quantitative comparisons between the
model predictions and experimental results, we first obtain
the experimental curvature (j) and pitch (Pt) by fitting
the experimental coordinates with the parametric form of the
helix using the least square method. Next, we compare the
obtained experimental j and Pt with the theoretically pre-
dicted values for gPNSAs with various h and P.

The Pt and j of the experimental deformed shapes are
obtained as explained below. The pixel coordinates of the
points on the centerline of a deformed gPNSA in the front and
side views are collected by the ImageJ.65 An example of
gPNSAs with h = 45� and P = 90 kPa is shown in Figure 5a
and b. The pixel coordinates are then processed to obtain the
real coordinates. The function of a helix with pitch Pt and

FIG. 6. Validation of the theoretical model. (a) j and (b) Pt are plotted as a function of the supplied pressure P for the
gPNSAs with different chamber angles (experimental results: circles; theoretical results: solid curves). Comparison of the
theoretical predicted (black solid curve) and experimental (red markers) space curves of the centerline of the gPNSAs with
h = 45� and P = 30 kPa in (c), and h = 60� and P = 40 kPa in (d). Color images are available online.
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FIG. 7. Effects of the gravity. Undeformed and deformed shapes of the gPNSAs without the gravity (a), with the gravity
along the depth direction (b), and the gravity along the length direction (c) under the input pressure of P = 60 kPa. Color
images are available online.

FIG. 8. FE results of the influence of external forces on the deformation of the gPNSAs. (a) An external pressure Pext is
applied on the bottom surface perpendicularly of a gPNSA with h = 60�. (b) FE results of the deformations of the gPNSA
with various external pressure Pext and the input pressure P = 40 kPa. (c) FE results of the deformations of the gPNSA with
various external pressure Pext and the input pressure P = 80 kPa. Color images are available online.
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radius R = 1/j with the same boundary condition as in the
experiments is described by the following parametrization:

X1 tð Þ¼ P2
t p

2tþ 4R2 sin t

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4R2þPt

2p2
p , (26)

X2 tð Þ¼ PtRp t� sin tð Þ
4R2þP2

t p
2

, (27)

X3 tð Þ¼R � 1þ cos tð Þ: (28)

The real coordinates of the points are fitted using the above
function to obtain the experimental Pt and j for each test
using the least square method. Fitting examples are shown in
Figure 5c and d. The experimental and fitted 3D space curves
are compared in Figure 5e.

By using the procedures described above, the experi-
mental j and Pt are obtained for gPNSAs with various h
and P and compared with the theoretically predicted val-
ues, as shown in Figure 6. Both theoretical predictions
(solid curves) and experimental results (markers) show
that with the increase of the supplied pressures, curva-
tures linearly increase, while pitches decrease monotoni-
cally. When h = 90�, the gPNSA only has the bending
deformation, leading to the zero of the pitch. Similar to the
behaviors observed in Figure 4, small discrepancies be-
tween experiments and theoretical predictions exist at
relatively larger h, but they agree well at smaller (h = 15�)
and very large (h = 90�).

Deformations with the gravity

In the theoretical model, we ignore gravity. To investigate
the effect of the gravity on the developed model, the de-
formed shapes of the gPNSAs under the input pressure of
P = 60 kPa are compared in three cases: (1) without gravity,
(2) with gravity along the depth direction, and (3) with
gravity along the length direction. The results are shown in
Figure 7. It can be seen that the effect of gravity is not obvious
on the deformation of the gPNSAs when fully inflated at
P = 60 kPa. Thus, it is reasonable to neglect the gravity in the
theoretical model for simplicity. It should be noted that based
on the experimental observations and FE results, if the
gPNSAs are not fully inflated, gravity significantly affects
their deformation. It will be our future work to develop a
more comprehensive model to characterize this effect.

Deformations with the external force

In this section, the effect of the external forces on the
gPNSAs are also investigated. To study the deformed shape
under external force, we use the FE simulations and select a
gPNSA with h = 60� as an illustration. In the simulation, the
input pressure P and the external pressure Pext will be ap-
plied, as shown in Figure 8a.

The deformed shapes of the gPNSA under various external
pressure Pext are shown in Figure 8b and c under input
pressure P = 40 kPa and P = 80 kPa, respectively. The exter-
nal force can be calculated as Fext¼ Pext · wo · l. It should be
noted that even when Pext = 0.1 kPa, the generated force Fext

will be 0.156 N, which is comparable to the weight of the
gPNSA (around 0.2 N). It can be observed that: (1) under the
applied external pressure, the deformed shape is not a helical
shape anymore, which is obvious for P = 40 kPa and Pext =
0.5 kPa; (2) under the constant applied external pressure, the
change of the deformed shape of the gPNSA under P = 40 kPa
is larger than that under P = 80 kPa, indicating that the input
pressure stiffens the gPNSA.

It should be noted that only a special case of applying
uniformly distributed external pressure on the bottom surface
is considered. The deformation of a gPNSA under an arbi-
trary external force is interesting but challenging, which will
be our future work.

Model Analysis and Prediction for Design

In this section, we use the developed model to investigate
the effects of geometrical parameters and material properties

FIG. 9. Effects of the chamber angles h on the curvature j
and slope S of gPNSAs. (a) j is plotted as a function of the
chamber angle h. (b) S is plotted as a function of the
chamber angle h. (c) Illustration of theoretical deformation
of a gPNSA with h = 58�. Color images are available online.
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on the deformations of gPNSAs. It should be noted that the
used model parameters are the same as those listed in Table 1,
unless otherwise specified.

Effects of the chamber angles

As shown in Figures 3 and 4, there are some discrepancies
between model-predicted deformations and experimental
deformations with a relatively larger h. To investigate this
effect, we plot the curvature j and slope (S = Pt/[2pR]) and of
the gPNSA as a function of chamber angles h as shown in
Figure 9a and b, respectively.

From the figure, it can be seen that there is a critical tran-
sition angle hc � 55�, where both slope and curvature go to
infinity. It indicates that a gPNSA exhibits pure twisting mo-
tion around its centerline when h = hc. For an illustration, we
provide the model predicted results when h = 58� as shown in
Figure 9c, where the gPNSA shows mainly twisting motion.
However, in practice, the chamber will be locally expanded
and the large twisting is prevented by self-contact between the
expanded surfaces of chambers, which is not considered in the
current developed model.

It is worthy of mentioning that this effect of critical angle
has already been well explored in the McKibben artificial
muscles29,30 and fiber-reinforced pneumatic soft actua-
tors.49,66 It is the first time to report this phenomenon in the
pneu-net soft actuators. However, in this work, we mainly
focus on first establishing a constitutive model of gPNSAs.

Further investigation of the mechanism of this critical angle
is useful as well but out the scope of this current work, which
will be considered in our future work.

Effects of the inner chamber height

Besides the chamber angles h, geometric parameters of the
inner chambers are important in determining the deforma-
tions of gPNSAs. As shown in Figure 2b, the height h3 is
directly related to the generated force on the inner chambers.
Therefore, we will investigate the influence of h3 on the de-
formations of gPNSAs. For a comparison with the previous
results in the Model Verification section, by varying the
height of h3, we keep that the total height of the chamber h2 +
h3 is constant as 9 mm, while the other geometric parameters
of the gPNSA are same as listed in Table 1 when the chamber
angle h is 30�.

Figure 10a shows the relation of the gPNSA curvatures j
with the height h3 and the supplied pressures P. We can see that
j increases with the increase of h3, which is reasonable because
larger h3 leads to larger inner surface areas and larger force.

To further verify the effectiveness of the developed model,
we fabricate a new gPNSA with h3 = 4 mm and h2 = 5 mm.
Figure 10b shows the gPNSA deformations of the model
prediction and real-time experiment. The results demon-
strate that the theoretical model successfully predicts the
deformations of the gPNSA. Moreover, by comparing with
the results of the original gPNSA with h3 = 7 mm and

FIG. 10. Effects of the inner chamber height h3 and Young’s modulus E of the elastomers on the deformation of the
gPNSA. (a) Theoretical prediction of the curvature j of the deformed gPNSA as h3 and the supplied pressure P changes. (b)
Theoretical prediction and experimental validation of the gPNSA with h3 = 4 mm and P varying from 10 to 60 kPa. (c)
Theoretical prediction of the curvature j of the deformed gPNSA as E and the supplied pressure P changes. (d) Theoretical
prediction and experimental validation of the gPNSA made from Ecoflex 00-30 with P varying from 1 to 6 kPa. Color
images are available online.
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P = 40 kPa (Fig. 4b), this new gPNSA has relatively smaller
bending and twisting due to its smaller chamber height h3,
which is the same as indicated in Figure 10a.

Effects of the material properties

Since our developed model is constitutive, it can be di-
rectly applied to gPNSAs with different elastomers by
changing the material properties. Next, we will validate our
developed model for gPNSAs made of elastomers with dif-
ferent Young’s modulus E. Figure 10c shows the relation of
the gPNSA curvatures with different Young’s modulus E and
the supplied pressures P. It can be observed that: (1) the
curvature j increases linearly with the increase of the supplied
pressures P, same as the results in Figure 6a; (2) the curvature
j increases with the decrease of Young’s modulus E. There-
fore, we can know that the same deformation can be achieved
at a relatively lower pressure if the material is softer.

For an illustration, we also fabricate a gPNSA made of a
softer elastomer Ecoflex 00-30 (Young’s modulus E of about
125 kPa).67 Figure 10d shows the gPNSA deformations of the
model prediction and real-time experiment, which demon-
strates that the developed model can successfully predict the
experimental results as well. Furthermore, we can see that the
gPNSA with Ecoflex 00-30 (Young’s modulus E of about

125 kPa) under P = 6 kPa can achieve the similar deformation
as the gPNSA made from Elastosil M4601 (Young’s modulus
of about 483.5 kPa) under P = 40 kPa.

Model prediction with multiple elastomers

As a final demonstration, we validate our developed model
by predicting gPNSAs with different elastomers in the top
chamber layer and bottom layer, respectively (Fig. 1a).

In the first test, we change the materials of the bottom layer
while keeping the material of the top chamber layer with
Elastosil M4601 as used in the previous experiments.
Figure 11a shows the relation of the gPNSA curvatures j with
different Young’s modulus of the bottom materials Eb and the
supplied pressures P. The results show that as Young’s
modulus of the bottom layer Eb decreases, the curvature j of
the gPNSA also decreases. As an example, we fabricate a
gPNSA with the Ecoflex 00-30 as the bottom layer.
Figure 11b shows the gPNSA results of the model prediction
and experiments. It can be seen that the developed model well
predicts the experimental results.

Another example of designing multiple-material gPNSA
is shown in Figure 11c and d, where we change Young’s
modulus of the top chamber layer Et while keeping the
material of the layer chamber layer with Elastosil M4601 as

FIG. 11. Effects of Young’s modulus Eb of the bottom layer and Young’s modulus Et of the top chamber layer on the
deformation of the gPNSA. (a) Theoretical prediction of the curvature j of the deformed gPNSA as Eb and the supplied
pressure P changes. (b) Theoretical prediction and experimental validation of the gPNSA with the top chamber layer made
from Elastosil M4601 and the bottom layer made from Ecoflex 00-30 with P varying from 5 to 20 kPa. (c) Theoretical
prediction of the curvature j of the deformed gPNSA as Et and the supplied pressure P changes. (d) Theoretical prediction
and experimental validation of the gPNSA with the top chamber layer made from Ecoflex 00-30 and the bottom layer made
from Elastosil M4601 with P varying from 1 to 5 kPa. Color images are available online.

ANALYTICAL MODELING OF GPNSAS 13

D
ow

nl
oa

de
d 

by
 S

ha
ng

ha
i J

ia
o 

T
on

g 
U

ni
ve

rs
ity

 f
ro

m
 w

w
w

.li
eb

er
tp

ub
.c

om
 a

t 1
2/

24
/2

0.
 F

or
 p

er
so

na
l u

se
 o

nl
y.

 



used in the previous experiments. It can be observed that
decreasing Young’s modulus of the top chamber layer Et

leads to the increase of the deformation curvatures j of
gPNSAs. As shown in Figure 11d, a multiple-material
gPNSA is also fabricated and tested, where the top chamber
layer is made from Ecoflex 00-30 and the bottom layer is
made from Elastosil M4601. The comparison results well
demonstrate the effectiveness and generality of our devel-
oped constitutive model.

Conclusions

Based on the minimum potential energy method and the
continuum rod theory, this article presents a constitutive
modeling approach for gPNSAs with 3D deformations under
single pneumatic actuation. We also conduct a series of ex-
periments with different gPNSAs to verify the developed
model. The proposed theoretical model can predict the de-
formed shapes directly from the geometrical parameters and
applied pressures.

Comparing to the FE method, the current theoretical model is
efficient, easy to be implemented, and the computational cost is
low. By virtue of the analytical results, this model can also be
directly applied to change the geometric and material parame-
ters for designing a gPNSA with the desired deformation. Fur-
thermore, the developed model is extended to analyze the
deformation of the gPNSAs with multiple materials. The com-
parisons of the model-predicted results and the experimental
results well demonstrate the effectiveness of our modeling ap-
proach. Due to the advantages of the helical deformations of
gPNSAs in 3D space,54,55 we can use one gPNSA (such as
h = 60�) as a bionic soft gripper that can wind around the slender
and irregularly shaped objects (Fig. 12). In the future, we will
further extend this study for manipulating applications.
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