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a b s t r a c t

Bistable structures that can switch between two stable shapes are ubiquitous and have found
applications in deployable structures, actuators, energy harvesters, etc. Among these, a bistable,
spherical shell can stay stable in either the natural or ‘‘everted’’ shape. Previous works concentrate on
the bistability of an intact shell, yet few efforts have been put into shells that feature a toy popper – a
spherical shell with a circular hole located at its apex. To expand the existing design space of bistable
shells, it is necessary to identify the quantitative relationship between the shell’s bistability and the
size of this geometric and topological defect. In this paper, through experiments, theory, and finite
element analysis (FEA), we demonstrate that the bistability of a popper-like shell is mainly controlled
by its geometric parameters and gets weakened initially and then enhanced as the relative size of the
defect increases, indicating that a properly introduced defect can shift an intact shell from bistability
to monostability or vice versa. Therefore, our research not only identifies the enriched design space
of bistable shells, but also may advance the development of intelligent structures and devices such as
smart switches and soft robotics, where the bistable shells can be employed.

© 2020 Published by Elsevier Ltd.
1. Introduction

Bistable structures can adopt two stable shapes due to the
nterplay between geometry and mechanics [1,2]. The existence
f two stable shapes and the accompanied shape transition (snap-
hrough) can be utilized to fulfill specific purposes. For instance,
he snap-through can be exploited to achieve fast morphological
ransitions [3–5] that have been exploited in nature and engi-
eered system such as the fast closure of Venus flytrap (Donaea
uscipula) [6], the ejection of the sporangium of Polypodium
ureum [7] and robotics [8].
Among various bistable structures, spherical shells are com-

only seen as components in engineered [9] and biological sys-
ems [10,11] across multiple length scales and thus have attracted
reat interest. A spherical shell can stay stable either as its origi-
al shape or as the ‘‘everted’’ shape when it is flipped. Regarding
ts bistability, previous research has demonstrated that it depends
n the shell’s geometry [12], material properties [13,14], inelastic
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deformation [15], boundary conditions [16], etc. To quantitatively
seek the threshold that separates the bistability and monosta-
bility, researchers have adopted multiple theoretical frameworks
such as the reduced Föppl–von Kármán (FvK) plate theory [17],
shallow shell theory (Donnell–Mushtari–Vlasov model) [12], Koi-
ter’s deep shell theory [15] and finite element method (FEM) [18].
Furthermore, when integrated with stimuli-responsive materials,
the bistable shell design has also facilitated fabricating shell-like
actuators driven by magnetic field [19], responsive microlens in
optical display [20] and colloidal particles that switch between
two different morphologies [21].

For a shallow, spherical cap with linear elastic behavior, the
bistability heavily depends on its geometry. For example, re-
searchers have identified a dimensionless parameter λ = Rα2/h
that controls the bistability of the shell [12,13], where R is the
radius of the shell, α is the half of the shell’s subtended angle and
h is the shell’s thickness. Only when λ is larger than the threshold
λc can the shell become bistable (λc is related to the Poisson’s ra-
tio ν of the constituent material). Such a criterion provides much
information for controlling the shell’s bistability yet indicates
certain limitation of the bistable shell’s performance. For instance,
when its subtended angle and radius are fixed, there exists a

critical thickness beyond which the shell loses bistability. This
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imitation on the thickness may restrict the energy output when
he bistable shell is utilized as an actuator or energy harvester,
ince the shell’s bending energy Ub and stretching energy Us scale
as Ub ∼ Eh3, Us ∼ Eh (E is the Young’s modulus). Therefore, to
increase the adaptability of bistable shells in applications, it is
of interest to introduce additional variables to enrich the current
design space.

Here, inspired by the toy popper (Fig. 1(a)), we introduce
a circular hole at the shell’s apex and intend to examine the
relationship between the size of this well-defined, topological
defect and the bistability of the shell. A better understanding
of this quantitative relationship will broaden the applications of
bistable shells for two reasons. First, such a geometric defect
can be introduced unintentionally during manufacturing, so it
is necessary to identify its influence on the shell’s bistability.
Second, geometric defects such as holes and cuts can be em-
ployed in order to achieve extraordinary properties. Examples
include the encapsulation of a ‘‘Buckliball’’ under pressure [22],
the bistable Miura-ori origami unit with pop-through defect [23]
and the ancient kirigami technique in which the deliberately
introduced cuts enable the paper to undergo various intricate
deformations that are not accessible for the intact paper [24–26].
Therefore, the results from this quantitative study will allow us
to tune the mechanical performances of a bistable shell if we can
intentionally introduce geometric voids. Specifically, we intend to
answer the following questions regarding the bistability of such
a popper-like shell: how does the hole affect the deflection and
stress distribution of the ‘‘everted’’ shell? What is the bifurcation
type? How to quantitatively construct the stability diagram in
terms of the hole’s size that can guide the future design of this
bistable, defected shell? What advantages does a popper-like
shell have as compared to an intact shell? Sobota, et al. [27]
theoretically investigated this problem for the shallow shell case
in the absence of experiments. In this study, we aim to address
the above questions for the deep shell case by a combination of
experiments, theoretical analysis and FEA.

The rest of the paper is organized as follows. In Section 2, we
introduce the experiment setup that is utilized to test the popper-
like shell’s bistability. The theoretical analysis is presented in
Section 3. Section 4 illustrates the procedures in the commercial
software ABAQUS to study the bistable behavior of a popper-like
shell. The main results are provided and discussed in Section 5.
Section 6 presents conclusions and future directions.

2. Experiments

The geometry of the popper-like shell is schematically shown
in Fig. 1(b). The thickness of the shell is h. The radius and half
f the subtended angle of the shell’s middle surface are R and
, respectively. A circular hole is located at the shell’s apex with
alf of its subtended angle α0. In experiments, we fabricated the

shells by pouring the uncured silicon rubber into the 3D-printed
mold. Once the solidification is finished, the shells can be peeled
off from the mold. The specimen has the Young’s modulus of 0.8
MPa and the Poisson’s ratio of 0.44.

To quantitatively determine the shell’s bistability, we perform
the indention test by using the INSTRON universal test machine
that can output the force–displacement relationship during the
indention process (Fig. 2(a)–(b)). The indenter moves downwards
with a constant speed 100 mm/min. At the same time, the shell
is placed on a metal plate with a circular hole at its center that
accommodates the shell’s deformation. If a shell is bistable, it
will snap to its everted shape once the indenter’s displacement
is beyond a critical value (Fig. 2(c)). Otherwise it will retreat to
its original shape following the indenter, indicating monostabil-
ity (Fig. 2(d)). Although in experiments the force–displacement
 η

2

relationship may depend on many factors including the relative
size of the indenter, in this study we limit our discussion to the
shell’s bistability that is only governed by the shell’s geometry
and material property. More experimental cases and videos can
be found in Supplementary Information.

3. Theory

To rationalize the bistable behavior of a popper-like shell
theoretically, we resort to the Donnell–Mushtari–Vlasov (DMV)
theory that describes the mechanics of a shallow shell with large
deflection [28]. Although the DMV equations are derived based on
the shallow shell assumption (α ≪ 1), the previous research has
demonstrated that such a model can work well for the bistability
of a deep, intact shell with the subtended angle α reaching up to
∼1.2 [12]. We express the governing equations in the cylindrical
coordinate (r, θ, z), where the shell’s apex is located at the z axis
while the shell’s planform spans the (r, θ ) plane (Fig. 1(b)). Owing
to the axisymmetric deflection of the shell, all the differentia-
tions with respect to the azimuthal angle θ disappear, and the
governing equations follow [12]

1
E

∇
4φ +

1
r
dw
dr

d2w
dr2

−
1
R
∇

2w = 0

D∇
4w −

h
r

d
dr

(
dw
dr

dφ
dr

)
+

h
R
∇

2φ = 0 (1)

where E is the Young’s modulus, ∇2
= d2/dr2+d/rdr is the Lapla-

cian operator, φ is the Airy stress function and the in-plane stress
components σrr and σθθ are given as σrr = dφ/rdr and σθθ =
2φ/dr2 (σrθ = 0 because d/dθ = 0), w is the transverse dis-
lacement of the shell along the z direction, D = Eh3/12

(
1 − ν2

)
s the bending rigidity. The first equation in Eq. (1) describes
he geometric compatibility of the in-plane strain components,
hereas the second equation depicts the force balance normal
o the middle surface of the shell. The in-plane force balance
s automatically satisfied by the introduction of the Airy stress
unction.

Eq. (1) contains two coupled, fourth-ordered differential equa-
ions where the analytical solution seems impossible. However,
ased on certain assumption, one can reduce the system’s degrees
f freedom and obtain closed-form results that can offer qualita-
ive insight into the shell’s bistability. Here, we adopt the assump-
ion that the deformed shell has a uniform distribution of curva-
ure κ = −d2z/dr2 = const [29]. Accordingly, the stretching en-
rgy Us and bending energy Ub can be expressed with one degree
f freedom κ as Us = πEh/384

(
b2 − a2

)3 (
κ2

− κ0
2
)2 and Ub =

Eh3
(
b2 − a2

)
(κ − κ0)

2 /12 (1 − ν) (κ0 = 1/R, SI). Through
eeking the local minima of the total elastic energy by the con-
itions ∂ (Us + Ub) /∂κ = 0, ∂2 (Us + Ub) /∂κ2 > 0, we obtain an
quation as (κ̃ − 1)

[
1 + (1 − ν) R2

(
α2

− α0
2
)2

κ̃ (κ̃ + 1) /16h2
]

0, where κ̃ = Rκ is the dimensionless curvature. This equation
s satisfied by letting either κ̃ = 1 or κ̃ (κ̃ + 1) + 16h2/(1 − ν)
2
(
α2

− α0
2
)2

= 0. The first equation denotes the stress-free,
atural shape while one of the real roots of the latter quadratic
quation represents the stable, ‘‘everted’’ shape. By solving the
uadratic equation, we can introduce a dimensionless parameter
=
(
α2

− α0
2
)
/(h/R). Only when η is greater than a threshold

c = 8/
√
1 − ν can the shell become bistable. Judging from η,

e can tell that the introduced hole weakens the shell’s bista-
ility because η decreases as the hole’s size α0 increases while
he threshold ηc is unchanged. By plotting all the equilibrium
olutions together, we can obtain the bifurcation diagram with
espect to the reduced curvature κ̃ and the control parameter
. As shown in Fig. 3(a), the stable ‘‘everted’’ shape annihilates



G. Wan, Y. Cai, Y. Liu et al. Extreme Mechanics Letters 42 (2021) 101065

V

b
h
p

c

a
a
i
c
t
S
s

Fig. 1. (a) Snap-through of a toy popper. (b) Schematic illustration of the geometry of the popper-like shell. (c) The natural (left) and ‘‘everted’’ (right) shape of a
popper-like shell. The geometric parameters are R = 10 mm, h = 2 mm, α = 90◦ , α0 = 23.6◦ . The scale bars are 3 mm. (d) The FEA result of the distribution of
on Mises stress (Pa) within the ‘‘everted’’ shell.
Fig. 2. (a) The INSTRON universal test machine. (b) The force–displacement relationships that are output from experiments and FEA. (c) The indention test of a
istable shell in experiments (first row) and FEA (second row). The shell’s geometry is determined by the following parameters, α = 90◦ , α0 = 0◦ , R = 10 mm,
= 2.2 mm. (d) The indention test of a monostable shell in experiments (first row) and FEA (second row). The shell’s geometry is determined by the following
arameters, α = 90◦ , α0 = 0◦ , R = 10 mm, h = 2.5 mm. The unit of Von Mises stress is Pa.
w
c
r

the unstable yet equilibrium shape when η reaches the threshold
ηc ≈ 10.69, indicating that the popper-like shell undergoes a
saddle–node bifurcation when its bistability is lost.

The assumption of uniform curvature distribution violates the
boundary conditions at the free edges where the bending mo-
ment and shear force should be zero. It causes errors with respect
to the shell’s displacement and stress distribution. For instance,
the uniform curvature assumption suggests that the outline of
the everted shell’s middle surface in the r-z plane should be
onvex (d2z/dr2>0), in contrast to the experimental observation
where the outline is concave (d2z/dr2 < 0). Therefore, we need
lternative methods to capture the shape of the ‘‘everted’’ shell
nd the bifurcation threshold more accurately. One feasible way
s to increase the degrees of freedom without significantly in-
reasing the computation by assuming some specific ansatz of
he displacement w (r) as a polynomial expression proposed by
obota et al. [16], and this theoretical procedure is adopted in this
tudy for further comparison (SI).
3

In addition to choosing a presumption of the shell’s deflection,
e can numerically solve the governing equations Eq. (1). For
onvenience, we non-dimensionalize Eq. (1) by introducing the
educed parameters as w̃ = wR/

(
b2 − a2

)
, r̃ = r/

√
b2 − a2,

φ̃ = φR2/E
(
b2 − a2

)2, and the dimensionless governing equa-
tions take the form as

∇̃
4φ̃ +

1
r̃
dw̃
dr̃

d2w̃
dr̃2

− ∇̃
2w̃ = 0

1
12
(
1 − ν2

)
η2

∇̃
4w̃ −

1
r̃

d
dr̃

(
dw̃
dr̃

dφ̃
dr̃

)
+ ∇̃

2φ = 0 (2)

Following the experimental setup, we choose the simply sup-
ported boundary conditions, i.e., the bending moment, shear force
and in-plane radial stress are zero at the shell’s edges. In addition,
the outer edge of the shell is fixed along the z direction to avoid
rigid body motion. Specifically, the eight boundary conditions
that complete this boundary value problem are given in Table 1,
where ∇̃ = d2/dr̃2 +d/r̃dr̃ is the Laplacian operator with respect



G. Wan, Y. Cai, Y. Liu et al. Extreme Mechanics Letters 42 (2021) 101065

t
o

t
t

Fig. 3. (a) Bifurcation diagram based on the uniform curvature assumption. (b) Force–displacement relationships calculated from the Riks method. (c) The
configurations of the natural shape (red solid), the unstable yet equilibrium shape (black dashed) and the stable ‘‘everted’’ shape (blue solid) from the Riks method.
(d) The geometry model in ABAQUS. The dashed line is the axisymmetric axis. The unit of Von Mises stress is Pa. (e) The distribution of z̃, σ̃rr and σ̃θθ versus r̃ in
he ‘‘everted’’ shape. For all cases, η = 12, β = 0.2, ν = 0.44. The black solid line is predicted from the Riks method and the dots are from FEA with different values
f α. . (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)
Table 1
The eight boundary conditions that complete the boundary value problems. M̃r , q̃r and σ̃rr represent the dimensionless bending
moment, shear force and in-plane radial stress component, respectively.
Zero bending moment, shear force and in-plane radial stress
at r̃ = r̃0 = β/

√
1 − β2 and r̃ = r̃1 = 1/

√
1 − β2

M̃r ∼ d2w̃/dr̃2 +
(
ν/r̃

)
dw̃/dr̃ = 0

q̃r ∼ d3w̃/dr̃3 +
(
1/r̃
)
d2w̃/dr̃2 −

(
1/r̃
)2 dw̃/dr̃ = 0

σ̃rr ∼ dφ̃/dr̃ = 0

Fixed z-directional displacement r̃ = r̃1 = 1/
√
1 − β2 w̃ = 0 φ̃ = 0
to the reduced radial coordinate. From the dimensionless gov-
erning equations and the corresponding boundary conditions, we
can identify three control parameters that determine the system’s
bistability, i.e., η, β = α0/α and the Poisson’s ratio ν. The first
wo parameters are purely geometric. η measures the ratio of
he shell’s stretching energy and bending energy [12] while β
measures the relative size of the geometrical defect. In the mean-
time, the emergence of the Poisson’s ratio in Eq. (2) indicates that
the shell’s bistability is also affected by the material property.
Apart from these three parameters, the shell’s depth, which can
be represented as the half of the subtended angle α, should
also affect the shell’s bistability. However, this dimensionless
parameter does not appear in a shallow shell theory.

To numerically solve the DMV equations, we resort to the Riks
method that can output the non-monotonic evolution of the equi-
librium path and thus capture both stable and unstable shapes
of the shell with given boundary conditions [30,31]. Specifically,
in the simulation, we apply a point load F at the inner edge of
the shell to push the shell downwards. Both the magnitude of
 f

4

the point load and the shell’s displacement are introduced as
unknowns and solved by combining the discretized governing
equations and an arc-length method, enabling to automatically
trace the equilibrium paths in both stable and unstable regimes
(SI). If the defected shell is bistable, the snap-through should
happen when the point load increases to a critical value, and
the structure can maintain another stable shape after the applied
load is withdrawn. Several force–displacement relationships with
different values of η are shown in Fig. 3(b). In all these cases,
ν = 0.44, β = 0.2, the magnitude of the force F is non-
dimensionalized as F̃ = FR/Eh3 and the transverse displacement
of the shell’s inner edge w0 is reduced as w̃0 = w0R/

(
b2 − a2

)
.

When η = 12, the force–displacement curve crosses the line
F̃ = 0 at three locations, corresponding to the natural shape,
unstable yet equilibrium shape and the stable ‘‘everted’’ shape,
respectively (Fig. 3(c)). When η decreases to 10.38, the curve
tangentially intersects the line F̃ = 0, suggesting the transition
rom bistability to monostability. As η further decreases (η = 9),



G. Wan, Y. Cai, Y. Liu et al. Extreme Mechanics Letters 42 (2021) 101065

R
s
w
f

t
w

e

4

s
F
d
b
b
l
p

f
m
t
t
‘
i
a
r
t
d
A
b
q

Fig. 4. (a) Bifurcation diagrams with respect to z̃0 and η (ν = 0.44). The curves are calculated based on the polynomial ansatz and the data points are from the
iks method. The solid curves (filled points) represent the stable ‘‘everted’’ shape while the dashed curves (unfilled points) represent the unstable yet equilibrium
hape. (b) Comparison of the theoretical results (curve) and FEA (data points) regarding the bifurcation diagram. η = 12, β = 0.2, ν = 0.44. (c) Stability diagram
ith respect to ηc and β (ν = 0.44). The solid curve is the threshold from the theoretical analysis (polynomial ansatz) while the unfilled dots are the thresholds

rom FEA with accuracy ±0.1. (d) Comparison of the theory (polynomial ansatz) and experiments regarding the stability diagram.
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he force–displacement curve only crosses the line F̃ = 0 when
0̃ = 0, indicating that the only shape in equilibrium without the
xternal force is the natural shape and the bistability is thus lost.

. Finite element analysis (FEA)

To verify the experimental results and testify the ability of the
hallow shell theory in the deep shell situation, we performed
EA on the popper-like shell in ABAQUS. Previous studies have
emonstrated the capability of FEA to predict the shapes [29,32],
ifurcation thresholds [33] and snap-through processes [34] of
istable structures. Besides, FEA allows us to explore the popper-
ike shell’s bistability with lower cost than experiments in a wider
arametric regime.
Owing to the axisymmetric characteristic of the shell’s de-

lection, we simplify the problem as a two-dimensional (2D)
odel (Fig. 3(d)). The simulation is conducted in two steps. In

he first step, dynamic implicit analysis is performed in which
he rigid indenter moves downwards and pushes the shell to its
‘everted’’ shape. The indenter then goes back to its initial position
n the second step to let the shell seek its equilibrium shape
round the ‘‘everted’’ state under the general static analysis. To
eproduce the experimental setup, the vertical translation along
he z axis is restrained at inner bottom edge (Fig. 3(d)). Other
etailed information can be found in Supplementary Information.
s shown in Fig. 2(c)–(d), the experimental indention test on a
istable or monostable shell can be well captured by FEA and
ualitative agreement is found between the experiments and
5

imulation regarding the load–displacement curve (Fig. 2(b)). The
iscrepancy, we assume, results from the friction between the
hell and the indenter and between the shell and the metal plate
n experiments that we cannot quantitatively reproduce in FEA.

. Results and discussions

First, we compare the theoretical results with FEA regarding
he deflection (z̃ = zR/

(
b2 − a2

)
) and stress distribution (σ̃rr =

rr/E
(
α2

− α0
2
)
, σ̃θθ = σθθ/E

(
α2

− α0
2
)
) of the ‘‘everted’’ shape.

In FEA, these variables are output from the middle surface of the
shell. As shown in Fig. 3(e), the data points from FEA cluster when
the shell is shallow. For the configuration z̃, the cluster holds
when α reaches 60◦ while for the in-plane stress σ̃rr and σ̃θθ , such
a cluster only holds when α reaches 30◦. The clustered points fall
around the master curve predicted from the theory, suggesting
the good agreement between the theory and FEA when the shell
is shallow. Besides, the data clustering indicates that the shallow
shell theory has reasonable accuracy in predicting the popper-like
shell’s deflection and stress distribution when α < 30◦ (for the
deflection alone, the limit can be extended to 60◦). Nevertheless,
when the shell gets deeper such as α = 75◦ or 90◦, significant
discrepancy appears between the theory and FEA, implying the
limitation of the shallow shell assumption.

Based on the verified DMV model, we plot the bifurcation
diagram of the popper-like shell by putting all branches of equi-
librium solutions together. As shown in Fig. 4(a), we plot the
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η
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(

ifurcation diagram of an intact shell (β = 0) and a popper-
ike shell (β = 0.2) with respect to the reduced coordinate of
he shell’s inner edge z̃0 = z̃

(
r̃ = r̃0

)
when η varies. The stable

‘everted’’ solution will annihilate another unstable equilibrium
hape when η reaches the threshold ηc . It shows that the system
ndergoes the saddle–node bifurcation, which agrees with the
nalysis based on the uniform curvature assumption. We also
ompare the bifurcation diagram from the DMV theory with FEA.
or instance, when β = 0.2, in the shallow shell case (α = 15◦),
he data points from FEA are close to the theoretical prediction
Fig. 4(b)). While in the deep shell cases (α = 60◦, 90◦), the
naccuracy of the theoretical results gets significant.

The bifurcation diagrams show that the relative size of the
efect (β) has a significant impact on the shell’s bistability (ηc).
ccordingly, by capturing ηc as β changes, we can construct
he stability diagram that quantitatively measures the effect of
he hole’s size on the shell’s bistability (Fig. 4(c)). The threshold
c undergoes a non-monotonic change as β increases — when
increases from 0 to 0.2, ηc first slightly decreases and then

ncreases, staying close to the prediction based on the uniform
urvature assumption ηc = 10.69. However, as β increases from
.2 to 0.8, ηc undergoes a drastic decrease. Good agreement is
ound between the theory and FEA regarding the stability diagram
hen α < 30◦ (for an intact shell, this limit can be pushed to

75◦ [12]). In the deep shell case (α > 30◦), the threshold ηc
rom FEA stays lower than the theoretical prediction, which is
imilar to the previous research [12]. We also capture the thresh-
lds through experiments and qualitative agreement is found be-
ween experiments and theory (Fig. 4(d)). The experimental data
oints show the same trend as FEA – η first increases and then
c

6

ecreases as β increases. In addition, ηc decreases as the shell gets
eeper.
To directly measure the hole’s effect on the intact shell’s

istability, we replace the bifurcation threshold ηc with λc =

c/
(
1 − β2

)
= Rα2/h because λc depends only on the geometry

f the intact shell. As shown in Fig. 5(a), when ν = 0.44,
the bifurcation threshold λc of a popper-like shell can be larger
regime A) or smaller than the threshold of an intact shell λc(β =

0) depending on the relative size of the hole β . This characteristic
provides us great flexibility in tuning the intact shell’s bistability
on demand by properly introducing a circular hole. For instance,
for an intact, bistable shell with its λ ranging between the λc(β =

0) and λm
c (the maximum value of λc), we can make it monostable

by creating a hole whose size falls into the regime A (Fig. 5(a)).
Likewise, a hole with its size falling into the regime B can shift
an intact shell from being monostable to being bistable. Such a
two-way transition adds a new, geometric variable to control-
ling the shell’s bistability in addition to the foregoing geometric
parameters of an intact shell.

In order to test whether such a non-monotonic relationship
depends on the choice of the constituent material, we also plot
the variation of λc with β when the Poisson’s ratio takes on
different values (Fig. 5(b)). This non-monotonic behavior is sig-
nificant when ν > 0.2 yet not obvious when ν approaches 0.
Accordingly, we output the maximum value λm

c of λc when β

= 0∼0.4 and plot it versus ν in Fig. 5(c). The results show that
λm
c increases with ν and is always higher than the bifurcation

threshold of an intact shell λc (β = 0). Therefore, to fabricate an
intact shell whose bistability is not altered due to the existence
of the circular hole that may be introduced unintentionally, we
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λ

ecommend that the bifurcation threshold should be chosen as
m
c instead of λc (β = 0) in practice.
In addition to the bifurcation threshold, the introduced hole

also has significant impacts on the shape of the ‘‘everted’’ state.
The maximum deflection of the ‘‘everted’’ shell is a quantity of
particular interest in various applications. Typically, the higher
the maximum deflection is, the easier it is for the bistable shell to
function as an electrical switch [4] or a fluidic valve [35] where
the maximum deflection dictates the shell’s performance. Since
the actual displacement of the inner edge under the ‘‘everted’’
state is equal to w (r = a) = Rα2w̃0

(
1 − β2

)
, we plot the dimen-

sionless value w̃0
(
1 − β2

)
versus β to quantitatively evaluate

the hole’s effect on the shell’s maximum deflection. As shown in
Fig. 5(d), the maximum deflection undergoes a non-monotonic
change when β increases. In this specific case (η = 12, ν = 0.44),
the maximum deflection of a popper-like shell can be larger or
smaller than that of an intact shell (β = 0) when β stays in the
regime B or regimes A and C, respectively (Fig. 5(d)). Therefore,
the introduction of the circular hole can also be taken as an
effective method to tune the maximum deflection of the bistable
shell.

6. Conclusions and future directions

In this work, through a combination of experiments, theo-
retical modeling, and FEA, we study the bistable behavior of a
popper-like shell. Four dimensionless control parameters of the
shell’s bistability are identified, which are η, β , α and Poisson’s
ratio ν. The first three depend only on the geometry of the
popper-like shell while the last one is related to the mechan-
ical property of the constituent material. Specifically, the shell
undergoes a saddle–node bifurcation when η decreases to the
threshold ηc with the other control parameters fixed. Accordingly,
we construct the stability diagram with respect to the control
parameter β and λ = η/

(
1 − β2

)
and find that for an intact shell,

its bistability is first weakened and then enhanced as the size of
the defect increases, suggesting that we can transform an intact
shell from being bistable to being monostable and vice versa by
properly introducing this topological defect and varying its size.
Such a non-monotonic variation is also observed in the maximum
deflection of the shell between the ‘‘everted’’ shape and the
natural shape, and the popper-like shell’s maximum deflection
can be larger or smaller than that of an intact shell with the
same thickness h, radius R and subtended angle 2α, depending
on the size of the defect. Therefore, the introduced circular hole
can become a tunable feature in the design space of bistable
shells. In addition, the established stability diagram can also be
used to estimate the necessary geometry of a defected shell in a
pseudo-bistable state if the viscoelasticity is considered [18], as
the pseudo-bistability occurs around the bifurcation threshold of
a purely elastic shell.

Apart from the geometric defect such as the circular hole
discussed in this paper, there are other types of defects that may
exist in the shell in practice. Those defects can be related to the
geometry or material property, including, but are not limited to,
multiple voids with various shapes, non-uniform thickness [36],
rigid inclusion, etc. Yet their influences on the shell’s mechanical
behaviors and bistability remain elusive. We hope that our re-
search will shed light on this topic and inspire new studies that
address the impacts of those defects [37], the results of which will
help to understand the sensitivity of the intact shell’s mechanical
performances to the defects that are introduced unintentionally
and guide the on-demand design of these shell structures if those
defects were to be created on purpose. Moreover, integrating
the stimuli-responsive materials to the popper-like shell will
enable the fabrication of smart components that can be applied in
multiple fields including fast actuators [38,39], soft robotics [40],
and other smart structures [41].
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