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Abstract

4D printing is a novel concept and multidiscipline research area which integrates advanced
manufacturing, material science and mechanics. As an active material with high stiffness and
rapid response speed, shape memory polymer (SMP) is widely used in 4D printing structures.
Accordingly, a simple but effective theoretical model becomes highly desirable to better assist
the 4D printing design. In this paper, a phenomenological model is developed in which the
concept of phase evolution is used to describe the glass transition behavior of SMP. Explicit
iterative format has been derived where the stress—strain behaviors of phase generation and phase
vanishment are distinguished. The model is further employed to predict the shape memory
behavior of pure SMP and active bending behavior of SMP-elastomer bilayer composites. With
its inherent conciseness and generality, the model is promising to be applicable in modelling
other soft active materials with phase evolution behaviors.

Supplementary material for this article is available online
Keywords: 4D printing, shape memory polymer, phase evolution, constitutive model

(Some figures may appear in colour only in the online journal)

1. Introduction

4D printing [1-3] has become a vibrant and attractive
research area which combines the knowledge of manu-
facturing, material science and mechanics. This innovative
concept aims to endow the 3D printed objects with the cap-
ability of shape transformation from as-printed shape to pre-
designed target shape over the fourth dimension—‘time’. The

6 These two authors contributed equally to this work.

0964-1726,/20,/055016+-14$33.00

key factor of realizing 4D printing is the cooperation between
active materials and shape-morphing mechanism. During the
past few years, novel 4D printing designs with different active
materials [4—7] and mechanisms [8—15] have been reported.
Among them, shape memory polymer (SMP) [3, 6-8,
11, 13, 14, 16, 17] is one of the most widely used active
materials due to its relatively high modulus and quick
response [18, 19].

During a typical shape memory (SM) cycle, an SMP
sample is firstly deformed from its original shape at a high

© 2020 IOP Publishing Ltd  Printed in the UK
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temperature which is above its transition temperature (glass
transition temperature 7, [20, 21] or melting transition
temperature 7,, [22, 23]) followed by being cooled to a low
temperature below the transition temperature while the
external constraint is maintained. Upon releasing the external
constraint at the low temperature, most of the deformed shape
is retained due to the highly reduced mobility of the polymer
chains. This fixed shape is referred to as the temporary shape.
The temperature-responsive shape shifting which is com-
monly observed in 4D printing demonstrations occurs in the
final step of a SM cycle where the SMP sample recovers to its
original shape from the temporary shape upon being reheated
above the transition temperature again [24-26].

To better assist the utilization of SMP in the field of 4D
printing, the aforementioned SM behavior should be well
described by proper theoretical model. Among the existing
constitutive models of SMP, two categories have been widely
adopted: the thermoviscoelasticity based models [20, 21,
27-32] and the phase evolution based models [22, 33-38].
For the former one, SMP is considered as a viscoelastic
material and its time-temperature dependent viscoelastic
behavior can be described by the constitutive models that
consist of the spring-dashpot constructed Maxwell elements.
In these models, the deformation of the dashpot incurred at
high temperature is almost fixed at low temperature since the
relaxation time is extended from less than a second to a few
months and even years [20, 21] so that the dashpot becomes
too viscous to deform. It has been evident that the thermo-
viscoelasticity based models can well capture the time-
dependent or temperature-dependent response of the SMP in a
SM cycle. However, the thermoviscoelastic model requires a
great number of material parameters and the parameter-fitting
process is relative complicated and laboursome. Although
researchers have developed the significantly simplified mod-
els [17, 21, 27, 31] by using the linear Maxwell elements to
ignore the nonlinear effect [28, 30], it is still challenging and
computationally inefficient to implement the viscoelastic
based constitutive models into complex geometries for the
design of 4D printing structures. In contrast, the constitutive
models based on phase evolution approach phenomen-
ologically treat SMP as a multiphase mixture in which dif-
ferent phases (i.e. rubbery/glassy phases in amorphous
SMPs, and crystalline/melting phases in semi-crystalline
SMPs) could mutually transform upon temperature variation.
Besides the capability of predicting SM effect, the phase
evolution based models could also be able to capture the
nonlinear stress—strain behaviors of SMPs by implementing
complicated equations of hyperelasticity and viscoplasti-
city [36].

However, in many applications of 4D printing
[3, 8, 11, 39], compared to the time-dependent shape evol-
ution, designers are more interested in how to achieve desired
target shape through material modeling and structure design.
Therefore, a simplified constitutive model of SMP that can
capture the modulus change over temperature and predict the
shape fixing behavior is sufficient for most 4D printing
designs . In addition, it is favorable if the simplified con-
stitutive model is easily understandable to the designers, and

the model can be readily implemented into 4D printing
designs with complex geometries.

In this paper, we report such a simplified phenomen-
ological model based on the phase evolution concept for 4D
printing designers. In this model, the required material para-
meters can be directly determined from some basic material
tests without further curve fitting, and explicit solutions can
be derived to predict the SM effect. Furthermore, due to its
conciseness, the model can be incorporated into specific
structures without obvious difficulty. The paper is organized
as follows. In section 2, the fabrication, basic characterization
and SM experiment for pure SMP is reported. In section 3, the
general iterative format for the constitutive model is derived.
In section 4, the analytical solutions for the SM behavior of
pure SMP under stress control and strain control modes are
respectively given. In section 5, the model is further
employed to predict the active bending behavior of the SMP-
elastomer bilayer composites. In sections 6 and 7, some dis-
cussion and concluding remarks are respectively given.

2. Experiment

2.1. Materials and fabrication

In this work, two commercial photopolymers Vero and Tango
are used for polyjet 3D printing. Vero is a rigid material with
glass transition temperature about 60 °C, and therefore used
as SMP. Tango behaves like an elastomer and is used to
construct active composites together with Vero.

All the test samples are fabricated on a commercial
polyjet 3D printer (Objet500 Connex3, Stratasys, Edina, MN,
USA) which works by ultraviolet (UV) curing the wiped
photopolymer droplets deposited from the print heads in a
layer-by-layer manner.

Herein, it should be noted that based on the previous
study [8, 40], the residual stress during polyjet 3D printing
may affect the final bending curvature of the bilayer com-
posites where a longer layer printing time may embed a
higher compression strain in the elastomer layer, and
accordingly yield a greater strain mismatch upon heating. In
order to avoid the side effect induced by the residual stress
during the printing process, our samples were printed with a
layer printing time of 8s. From the experimental quantifica-
tions from the aforementioned article [8], the built-in strain in
the elastomer layer is neglectable when the layer printing time
is below 10s.

2.2. Thermomechanical characterizations

In order to characterize the thermomechanical properties of
the materials and identify the parameters used in the theor-
etical model, dynamic mechanical analysis (DMA), thermal
expansion tests and uniaxial tensile tests were conducted on a
dynamic mechanical analyzer (Model Q800, TA Instruments,
New Castle, DE, USA). All the test samples were designed
with a dimension of 15 mm x 3 mm x 0.5 mm.
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Figure 1. Thermomechanical characterizations and SM behaviors of 3D printed photopolymers. (a) Temperature dependence of storage
modulus and loss factor (tand) of Vero. (b) Temperature dependence of thermal strain of Vero and Tango. (c¢) Uniaxial tension curves of Vero
at elevated temperatures. (d) Temperature dependence of Young’s modulus of Vero. (¢) SM behavior of Vero under stress control mode.

(f) SM behavior of Vero under strain control mode.

For the DMA test, a sample was initially equilibrated at
100 °C for 15 min under a preload of 1 mN. Then an oscil-
latory strain with a frequency of 1 Hz and amplitude of 0.1%
was applied to the sample and the temperature was linearly
ramped down from 100 °C to 0 °C at a rate of 2 °C min~'. As
shown in figure 1(a), the storage modulus and loss factor
(tand) of Vero were recorded as a function of temperature.
The glass transition temperature (7,) was identified to be
59 °C which corresponds to the peak of the tand curve.

Thermal expansion tests of Vero and Tango were respec-
tively performed under the controlled force mode where a pre-
load of 1 mN was maintained to prevent the sample from
buckling. The samples were first equilibrated at 80 °C for 15 min

followed by being cooled from 80 °C to 20 °C at a rate of 2
°Cmin~'. As shown in figure 1(b), the coefficients of thermal
expansion (CTEs) of Vero and Tango were determined to be
1.1 x 107*°C " and 2.0 x 10~*°C " from the tangent of their
respective thermal strain-temperature curves.

Uniaxial tensile tests of Vero were conducted at elevated
temperatures ranging from 20 °C to 80 °C with an interval of
5°C. The sample was first equilibrated at a predefined
temperature for 15 min followed by being loaded at a rate of
6 Nmin~'. Young’s modulus was determined from the tan-
gent of the stress—strain curve. The stress—strain curves and
temperature dependence of Young’s modulus are respectively
shown in figures 1(c) and (d).
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Figure 2. (a) Variation of modulus with temperature during the glass transition process. (b) Schematic diagram of the phase evolution model.

2.3. Shape memory behavior of pure SMP

Shape memory behavior of pure SMP was tested under two
types of programming methods, which were respectively
denoted as stress control mode and strain control mode.

For the stress control mode, the sample was first equili-
brated at 80 °C for 15 min followed by being loaded at a rate
of 0.5MPamin '. Upon reaching 0.5 MPa, the stress was
maintained while the temperature was decreased from 80 °C
to 20 °C at a rate of 2 °C min~'. After the sample was cooled
to 20 °C, the temporary shape was obtained by releasing
the external stress. Finally, the free recovery was realized
by heating the sample from 20 °C to 80 °C at a rate of
2 °Cmin .

Distinguished from the stress control mode, strain control
mode started by stretching the sample by 6% at a strain rate of
6% /min. Then the sample was cooled from 80 °C to 20 °C at
arate of 2 °C min~! while the strain was maintained. Besides,
there was no difference between the stress control mode and
strain control mode.

The strain variations under the two programming modes
within a SM cycle were respectively shown in figures 1(e)
and (f). For the stress control mode shown in figure 1(e), the
strain in the cooling step slightly varies due to the combined
effect of thermal expansion and entropic elasticity. For the
strain control mode shown in figure 1(f), the strain in the
cooling step keeps constant due to the external constraint.
However, despite of the programming mode, good shape
fixity and shape recovery are both achievable.

3. Constitutive model

3.1. Basic considerations

For a typical amorphous SMP, the SM programming is per-
formed within a temperature range where glass transition
occurs. As shown in figure 2(a), the modulus of SMP varies

significantly during glass transition where the evolution
between rubbery phase and glassy phase takes place in the
material.

To describe the mechanical behavior during glass trans-
ition, a phenomenological constitutive model is developed
where multiple branches of springs and switches are employed
with a parallel arrangement. As shown in figure 2(b), a thermal
expansion component with CTE « is connected in series with
the parallel branches to describe the effect of linear thermal
expansion. Therefore, the total strain of the material is the sum
of mechanical strain and thermal strain

e=eM 4 T, (1)

For the parallel branches, in addition to the leftmost branch
with a single spring whose spring constant E, represents
the rubbery modulus of SMP, the remaining branches are
composed of a spring in series with a temperature-controlled
switch. During the cooling process, the temperature-controlled
switches successively turn on to simulate the generation of new
glassy phases, which corresponds to the increase of modulus.
Likewise, when the temperature increases, the switches may
sequentially turn off to simulate the vanishment of existing
glassy phases, giving rise to the decline of modulus.

For a general branch, E,(k = 1, 2,---,n) represents the
modulus of the kth glassy phase generated at temperature T}
during glass transition, and the switch S, maintains dis-
connected when the temperature is above 7. Once the
temperature decreases below T}, the switch S turns on.

From the physical point of view, the kth glassy phase
generates after the (k — 1)th glassy phase during the cooling
process and vanishes prior to the (k — 1)th glassy phase
during heating. It is assumed that the kth glassy phase does
not carry load (stress-free) when it is newly formed. After its
generation, the kth glassy phase starts to carry load and
deform until its vanishing when S; turns off. Therefore, at
temperature T = T;, there are totally k glassy phases
(0 < k < n) formed and the temporary elastic modulus of the
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material is

k
E(T) = ) E: )

i=0

3.2. Constitutive equations

Generally, two typical scenarios may occur in the phase
evolution of SMP: formation of new glassy phase or van-
ishment of existing glassy phase. In this section, constitutive
equations are respectively derived.

3.2.1. Formation of new glassy phase. Consider a state
where k —1 glassy phases exist at temperature 7 ;. As
shown in figure 2(b), since the branches labelled from 1 to k
—1 are all connected, the total stress is calculated by

k—1

o—1= Y Eeli_1, 3)
i=0

where 5%(,1 denotes the mechanical strain of the ith branch at
the (k — 1)th increment.

After a temperature increment AT, (AT, < 0), the kth
glassy phase is generated and starts to carry load (figure 2(b)).
Accordingly, the total stress is updated and denoted as

k
o= Egh. “4)
i=0

Since all the branches are parallelly arranged, after the
temperature increment AT, all the connected branches
(Ep ~ E;) undergo the same mechanical deformation incre-
ment Ae}!, which is equal to the current mechanical strain
in the newly generated kth glassy phase. Therefore, by
subtracting equation (3) from equation (4), we have the stress
increment corresponding to the temperature increment A7}, as

po = E(Ty) A e}, (5)

where E (T) is the temporary elastic modulus at temperature
Ty as given by equation (2).

Substituting equation (1) into (5) and considering the
linear thermal expansion relation Ael = aAT;, we have the
general iterative format to describe the stress increment when
a new glassy phase is generated at temperature T}

Ao = E(T)(Lex — abTh). (6)

3.2.2. Vanishment of existing glassy phase. In order to
analyze the vanishment of existing glassy phase, for
convenience, we assume an initial state where all the glassy
branches are connected. Then we consider a general case
where k + 1 glassy branches labelled from 1 to k + 1 are
connected at temperature 7y, ;. Since there are n — (k + 1)
disconnected switches, we specify the current increment

number is n — k — 1, and the corresponding total stress is

k+1

M
Onka1 =y Eigln i1, %
i=0

where e%, «—1 denotes the mechanical strain of the ith branch
at increment n — k — 1.

When the temperature increases to 7} (increment n — k),
the originally existed (k 4+ 1)th glassy phase vanishes, hence
the corresponding stress is updated as

k
Ok = Eel_,. (8)

i=0

Similar to the derivation in section 3.2.1, after the
temperature increment, all the connected branches (Ey ~ Ej)
undergo the same mechanical deformation increment Al .
Therefore, the subtraction of equation (7) from (8) yields the
stress increment as

Aok = EM) & ey — Exried i k1o 9

where E(T;) is the temporary elastic modulus at temperature
T, as given by equation (2).

Herein, it should be noted that equation (9) is not as
concise as equation (5) since the existence of the second term
Ek+15,’:4+1’n, «—1 Which relates to the mechanical strain of the
(k + 1)th branch at the (n — k —1)th increment during the
process of phase vanishing. However, this term can be further
simplified when the model is employed to analyze a SM
cycle. Based on our basic considerations given in section 3.1,
the (k+1)th glassy branch begins to deform after the kth
increment in the phase formation process when the mechan-
ical strain of the material is ¢}, Herein, the superscript ‘C’
represents cooling. Therefore, we have

M M M.C
Ektln—k—1= En—k—1— € » (10)

where ¥, | represents the mechanical strain of the material
at the (n — k —1)th increment during the process of phase
vanishing.

Upon substituting equation (10) into equation (9), we
have the simplified form of the stress increment during the
phase vanishing process

A0y = E(Ti) & &3 = Exiegliy — ;).

(1)

Substituting equation (1) into equation (11) and con-
sidering the linear thermal expansion relation, we have the
general iterative format to describe the stress increment when
existing glassy phase is vanished

AGy_=E(T) b eni — ExsiEn—i—1 + Erieg

+ E(Ter ) A Tip . 12)
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Figure 3. Shape memory behavior under uniaxial tension of strain control mode.

4. Shape memory behavior of pure SMP under
uniaxial loading

In this section, the phase evolution model is employed to
analyze the SM behavior of SMP under uniaxial loading.
Figure 3 illustrates the phase evolution process in a typical
SM cycle. The material is first stretched at high temperature
Ty where no glassy phase is formed to share the external load.
Then the material is cooled from Ty to a low temperature 7
while the external load is maintained. During the cooling
process, new glassy phase is successively formed until the
material is in a fully glassy state at 7; where all the n glassy
branches are connected. Upon releasing the external load at
T;, the stresses in all the glassy phases are redistributed to
satisfy the equilibrium of internal force. As a consequence, a
temporary shape is fixed in the material. Finally, the material
is reheated to the high temperature Ty where all the glassy
phases vanish again to render the shape recovery. It should be
noted that since the SM response is affected by the loading
method, the analytical solutions of the stress—strain response
under stress control and strain control are respectively
derived. For more details regarding the derivation of the
equations in this section, please refer to the supplementary
materials is available online at stacks.iop.org/SMS/29/
055016/mmedia.

4.1. Stress control

Upon applying a constant stress oy at high temperature 7}, only
the rubbery phase is deformed to compensate the external

loading. Since the thermal strain at T is defined as 0, the total
strain ¢ is equal to the mechanical strain ¢

13)

In the cooling process, the total stress remains oy. Based on
equation (6), we can obtain the total strain € at an intermediate
temperature Ty, (T;, < T; < Ty)

09
(T = T + a(Tx — Th). (14)
0

After releasing the load at 77, according to equation (6), the

stress decrementation Ac = — oy leads to an updated total strain
00 00
e=— 4 a(ly — Ty) — . (15)
Ey E(T.)

Normally, the glassy modulus E (7;) of an SMP is 2 orders
of magnitude greater than its rubbery modulus Ej. So compared
with the initial strain oy /Ey), the strain variation oy /E (T7) upon
unloading is negligible, which reveals the fixity of the temporary
shape.

For the reheating process, the stress remains 0. Accord-
ing to equations (12), (14) and (15), we can obtain the strain
at an intermediate temperature Ty (T;, < T, < Ty)

)
E(T)

() =2 + a(l — Ty) — (16)
Ey
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Figure 4. Relationship between strain and temperature during the shape memory cycle. (a) The stress control mode, (b) The strain

control mode.

Particularly, when the SMP is reheated to T}, the total
strain £(Ty) equals to 0, which indicates the full recovery
from temporary shape to initial shape.

4.2. Strain control

For the case of strain control, a constant strain £y is first
applied on the SMP at Ty, which yields the total stress

g = E()€0. (17)

Since the strain is maintained within the entire cooling
step, based on equation (6), the stress at an intermediate
temperature T, (T; < T < Ty) is

k
o(T) = Eogo + ) J[ET)(Ti1 — T

i=1

(18)

After releasing the constraint at 7;, the total stress
becomes 0, the corresponding strain can be obtained based on
equations (6) and (18)

Eoeo > ET(T = Ty)]

T Em T E(T) -

Upon reheating from 7 to Ty, the strain varies with the
temperature under the stress-free state. For an intermediate
temperature 7T, based on equations (12) and (19), we can
obtain

aZf;l[E(Ti)(T,» ~ Ty)]
E(Ty) '

Eyeg

e(Ti) = e — ET)
k

(20)

Similar to the case of stress control, equation (20) indi-
cates a full shape recovery at Ty where the total
strain £ (Ty) = 0.

4.3. Theoretical predictions

In order to employ the above equations to predict the SM
behavior of SMP, model parameters should be determined
based on the material characterization tests. The spring con-
stant in each branch is equal to the increment of Young’s
modulus at the corresponding temperature. According to
figure 1(d), we divide the programming temperature range

Table 1. Spring constant parameters for the constitutive model.

Branch Spring constant Branch Spring constant
number k E (MPa) number k E (MPa)

0 9.1 7 57

1 0.1 8 145

2 0.3 9 250

3 0.8 10 504

4 29 11 219

5 8.8 12 143

6 28

(20°C-80°C) into 12 increments. Therefore, one rubbery
phase branch and 12 temperature-controlled glassy phase
branches are used in the following theoretical predictions. The
detailed spring constant parameters are listed in table 1.
Herein, it should be noted that the number of branches will
not affect the modelling results. More details regarding the
effect of branch number could be found in the supplementary
materials.

With the identified model parameters, the relationship
between strain and temperature under two different pro-
gramming modes are respectively predicted. As shown in
figures 4(a) and (b), good agreement has been achieved
between the theoretical predictions and experimental results,
which validates the efficiency of the phase evolution model.

5. Bending of active composites

5.1. Analytical solution

Upon accurately predicting the SM behavior of pure SMP, we
further implement SMP into composite structures and employ
the phase evolution model to analyze the bending of active
composites.

Figure 5(a) shows the schematic of active composite
(length L, height /& and width w) where two SMP/elastomer
laminates are alternatively connected along the length direc-
tion with their respective segment lengths (L;, L,) and
thicknesses of SMP layers (h¢, hl') and elastomer layers (hf,
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Figure 5. (a) Schematic of a double bilayer shape memory composites (b) shape memory programming of a double bilayer shape memory

composites under uniaxial strain loading.

hi). Herein, we use the superscripts ‘" and ‘I’ to denote the
segment number and subscripts ‘S’ and ‘E’ to denote the SMP
and elastomer layers.

Similar to the thermomechanical programming of pure
SMP, we first stretch the active composite uniaxially to an initial
strain € at high temperature Ty followed by cooling it to the low
temperature 7; while maintaining the strain (figure 5(b)).

Upon releasing external constraint at 7;, the SMP layers
manage to maintain the current configuration whereas the
elastomer layers are prone to recover the undeformed shape.
As a result, the composite may bend to accommodate the
mismatch strain. However, once the strain mismatch is
reduced by increasing the temperature to 7j, the composite
recovers to its initial shape.

For the first step, since the magnitudes of the rubbery
modulus between SMP and elastomer are relatively close, it is
reasonable to assume that the SMP and elastomer layers in the
same segment are equally stretched. Moreover, since the stiff-
ness differs between segments, the strains of segment 1 and 2 are
different and respectively calculated by e} = AL;/L; and
ell = AL, /L,, where AL, and AL, are the elongations of
segment 1 and 2. To accommodate the strain compatibility, the
total elongation of the composite is obtained by

AL = AL, + AL,. Q1)

Consider the force balance at the segment interface, we

have
050 hi + 0po-hi =08 hi' + oLy i, (22)

where ag/él and afE/ (1)1 denote the stresses in the SMP and
elastomer layers at Ty and can be calculated by

ody = Es(Ty) - ef/ " and o/l = Eg - /", (23)
where Er and Eg respectively denote the modulus of the
elastomer and SMP material.

Combining equations (21)—(23), segment strain 56 and 561

are solved as

eoL[Eghf’ + Es(Ty) - hi'l

I _
o= Li[E nl L | Jii 1 17’
1[Eghg + Es(Ty) - hg'| + Lo[Eghg + Es(Ty) - hg |
24
and
i coL[Ephg + Es(Ty) - hs]
0

 LilEghl! + Es(Ty) - hi) + Lol Eghl + Es(Ty) - h{1
(25)

For the second step, based on equations (6) and (23), the
stresses in the SMP layer and elastomer layer at an inter-
mediate temperature T (T, < T < Ty) are

o/ () = Es(Ty) - e/
k
+ Y Es(T)(ae]" — asaTl,
i=1

(26)
and

k
/1 /1 /1

ol"(T) = Eg - ef/" + Egy_(ne]/" — apaTy,  (27)

i=1
where Ac!/! denotes the total strain increment of segment 1
or 2 in response to a temperature increment A7; and o /g is
the CTE. The total strain increment Ac! and Ae/ in
equations (26) and (27) can be obtained by accommodating
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Figure 6. (a) Bending configurations of bilayer laminates (dimension: 60 mm X 5 mm X 1 mm) under elevated initial strain. The thickness
ratio of SMP and elastomer is 1:4. (b) Theoretical predictions and experimental results of the bending curvature under elevated initial strain

and different thickness ratios of SMP and elastomer.

the strain compatibility and force balance as

o — LaoTilagEp(hy — he) + asEs(T(hs — kD1
" LiEs(T)h" + Eghf'] + L2[Es(T)h§ + Eghf]

(28)
and
0 _ LisTlagEp(hf — hi) + asEs(D) (" — k)
" LiEs(T)AI + Eghf] + LolEs(T)h! + Eghfl
(29)

After releasing the constraint at 7;, the composite bends
into an ‘S’ shape where segment 1 and 2 exhibit their
respective curvatures k! and . For segment 1, denote the
mid-plane (y = 0) strain as ). From the Euler—Bernoulli
beam theory, the distribution of normal strain along the
thickness direction is calculated by €/(y) = ¢} + x'y. Based
on equations (6), (26) and (27), the stresses in SMP and
elastomer layers are obtained as

By substituting equations (30) and (31) into equation (32),
the curvature ! and mid-plane strain ¢}, can be solved from

{gé} _ [A’ Bl]l{N,’}
wl B" D] M|
where A” = blh{ + blhf,
B! = (bs — bg)hihg /2,
D' = b{[(h/2)* — (h/2 — h{)’1/3
+ bgl(h/2 — hg)* + (h/2)*1/3,
N/ = —agh{ — aghg,

M/ = (ag — ag)hsh /2.

(33)

Accordingly, the bending angel 0, is obtained by 8, = x'L;.
Since the laminate in segment 2 bends towards the
opposite direction of segment 1, the strain distribution is
rewritten as £/ (y) = e/ — k'y. Following the similar pro-
cedure, the bending curvature x” and bending angle 6, are

(30)

o5(0) = [Es(Ty) — Es(T))] - eg — Es(T)Y sl + 07 [Es(T)(ae] — as & T + Es(Ty) (e) + '),

dag

and

op(y) = Egap(lh — T) + Eg(ep + &'y). (D)
1

7
ag bg

Since no external constraint is applied on the composite, both
the external force and external moment are equal to O:

T L RPN L v — 0
YF = " IJs(y)yx+ " og(y)dydx =
o Jhop o Jon

w 13 w E—h;’ '
sMl = [ [2akvdvax + [ [ oh(ydvax =0
o Jh-nf o J-h

1
by

obtained. Particularly for the case of L, = 0, the composite
shown in figure 5(a) reduces to a single bilayer laminate.

5.2. Comparison between prediction and experiment

In order to validate the analytical solutions in section 5.1, the
active bending behaviors of 3D printed composites were

(32)
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Figure 7. (a) Bending configurations of alternately arranged Vero/Tango (thickness ratio 1:9) bilayer laminates (dimension:
60 mm X 5 mm X 1 mm) under elevated initial strain. The pitch length is 30 mm. (b) Theoretical predictions and experimental results of the

bending angle under elevated initial strain.
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Figure 8. (a) Bending configurations of double segment bilayer laminates (dimension: 120 mm X 5 mm x 1 mm) under elevated initial
strain. (segment 1: pitch length is 40 mm; thickness ratio between Vero and Tango is 1:9. segment 2: pitch length is 80 mm; thickness ratio
between Vero and Tango is 3:17) (b) Theoretical predictions and experimental results of the bending angle for Segment 1 and 2 under

elevated initial strain.

tested under the aforementioned thermomechanical pro-
gramming process. The experiments were performed in the
circulating water bath (Huber CC-118A, Peter Huber Kilte-
maschinenbau, Offenburg, Germany) with precise temper-
ature control. Herein, the high temperature 7, and low
temperature T; were respectively set as 80 °C and 30 °C.
First, single bilayer laminates (dimension: 60 mm X
5mm x 1 mm) of different thickness ratios between SMP
and elastomer were printed and tested under elevated pro-
gramming strain from 5% to 20%. Figure 6(a) shows the
bending configurations for a particular case where the thick-
ness ratio of SMP and elastomer is 1:4. Theoretical predic-
tions and experimental results of the bending curvature under
elevated initial strain and different thickness ratio are pre-
sented in figure 6(b). It is seen that under a given thickness
ratio, bending curvature approximately linearly increases with
the initial programming strain. For a given initial strain and
laminate thickness, a thicker SMP layer may produce a
smaller bending curvature. This is because a thicker SMP or
smaller programming strain may weaken the strain mismatch
between the SMP and elastomer layer, and therefore produce
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a smaller bending curvature. Moreover, the tested curvatures
are well captured by the analytical solutions derived in
section 5.1. By virtue of the reasonable simplifications, the
phase evolution model is also effective in predicting the
mechanical behavior of composite structures where SMP
plays an important role. Herein, we note that in addition to the
geometric parameters and initial strain, the low temperature
T; may also affect the bending curvature of the bilayer
laminate. By decreasing 7;, the SMP layer may become too
stiff to be pulled by the elastomer layer with a shrinkage
tendency, which accordingly yields a smaller bending cur-
vature. More experimental characterizations with lower T;,
could be found in the supplementary materials.

Then we further employ the above single bilayer lami-
nate as a building block to realize other complicated deformed
configurations. As shown in figure 7(a), two identical bilayer
laminates (dimension: 30 mm X 5mm X 1 mm, thickness
ratio between Vero and Tango is 1:9) were designed to be
alternately arranged in series to achieve the wavy configura-
tion. Similarly, with the increase of the programming strain,
bending angle is gradually increased. Moreover, since the two
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Table 2. Comparison between this work and other related works.

Description of

Representative material Basic Parameter identification
work anisotropy Number of model parameters  material test method Availability of analytical solution
Multi-branch thermo- [11] No 17 (table 2 in [11]) 1. DMA tests; Fitting the master curve of Iterative method is required based
viscoelastic model relaxation modulus on the Boltzmann superposition
principle and no analytical
solution can be derived.
2. Uniaxial (Refer to equation (10) in [11])
tension tests;
3. Thermal strain
tests;
4. Stress
relaxation tests
[8] No 62 (Table S1 in [8]) 1. DMA tests; Fitting the storage modulus
and loss factor (tand)
curves with nonlinear
regression (NLREG)
method
2. Thermal strain
tests
Phase evolution model [41] Yes 7 for isotropic assumption 1. DMA tests; Fitting the storage modulus ~ Closed form solutions are
and 27 for anisotropic curve available.
assumption(data source:
table 1 and equation (33)
in [3])
2.Uniaxial (Refer to equations (14) and (33)
tension tests; in [3])
3. Thermal strain
tests
This work No 13 (table 1 in this work) 1. Uniaxial Directly obtained from Explicit analytical solutions are

tension tests;

2. Thermal strain
tests

uniaxial tension tests
without curve fitting

available.

(Refer to equations (13)—(20) for
pure SMP and equations (30)—

(33) for bilayer laminate)

910550 (0202) 62 '1oNAS “Ielepy Hews
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segments are antisymmetric and possess the same stiffness,
we can use the calculated curvatures shown in figure 6(b) to
directly obtain the corresponding bending angles with
0 = kL, where 0 is the bending angle and L is the segment
length. Again, the theoretical predictions agree well with the
experimental results (figure 7(b)).

At last, we demonstrate the helical configurations rea-
lized by the double segment bilayer laminate design. In order
to achieve helical shape, the bending curvature should be
carefully designed otherwise the two ends of the strip may
collide to constrain the target deformation. Therefore, each
segment is assigned with a specific pitch length and thickness
ratio to yield the prescribed bending angles. To achieve a
greater bending angle, segment 1 is designed with a pitch
length of 40 mm, Vero thickness of 0.1 mm and Tango
thickness of 0.9 mm. On the contrary, a smaller bending angle
is expected for segment 2 with a larger pitch length (80 mm),
thicker Vero thickness (0.15 mm) and thinner Tango thick-
ness (0.85 mm). Figure 8(a) presents the bending configura-
tions of double segment bilayer laminates (dimension:
120mm x 5mm X 1 mm) under elevated initial strain. By
increasing the programming strain from 2.5% to 10%, the
strip bends from a spoon-like shape to helical shape. More-
over, as shown in figure 8(b), the actual bending angles of
both segments quantitatively match our theoretical predic-
tions, which proves the feasibility of employing the phase
evolution model in the area of structure design.

6. Discussion

Since many other constitutive models for SMP have been
developed before this work, it is of vital importance to clarify
the differences and advantages of this work in comparison
with others.

First, we note that the original motivation of this work is
to develop a concise and practical theoretical framework for
the 4D printing designers without a vast store of knowledge
on solid mechanics and macromolecular physics. Accord-
ingly, without introducing large amount of variables to ela-
borate chain mobility or entropy variation during SM
behavior, we phenomenologically model the glass transition
behavior as the evolution (formation or vanishment) of glassy
phases to capture the modulus variation in response to
temperature.

Before this work, the most popular SMP constitutive
model used in the 4D printing area is the multi-branch ther-
moviscoelastic model. Many representative works in the 4D
printing area [8, 11] have adopted this model to conduct the
theoretical predictions. Table 2 shows a comparison to ela-
borate the conciseness of our model in predicting the shape
morphing behavior of 4D-printed laminated design.

To be specific, without losing the power of predicting the
SM behavior, our model shows its advantage in two aspect.
First, the thermoviscoelastic model requires a great number of
material parameters and the parameter-fitting process is rela-
tively complicated and laboursome. In this work, on the
contrary, no curve fitting is required since all the unknown
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model parameters can be directly determined from basic
material tests.

Second, due to the requirement of computationally
inefficient iterative method in problem solving, it is not
available to derive closed-form analytical solutions with the
thermoviscoelastic model. On the contrary, due to the con-
ciseness of our current model, closed-form analytical solu-
tions can be derived without obvious difficulty to predict the
shape evolving behavior of complex 4D-printed structures
induced by SM effect, which proves the wide applicability of
our model.

Finally, we compare our model with another phenom-
enological model proposed by Bodaghi et al [41] which not
only provides the analytical closed-form solutions to replicate
thermo-mechanical behaviors of SMPs but also considers the
effect of the 3D printing-induced material anisotropy with
minimum experimentally characterized parameters. In that
model, the rubbery and glassy phases are arranged in series
and the concept of ‘stored inelastic strain’ is employed to
characterize the phase transformation occurred in SMP. The
model is then used to predict the reheating caused sequential
recovery of the multi-SMP laminate. From the perspective of
mechanics modeling, the model presented in [41] is precise
and robust enough to predict the mechanical behavior of SMP
in most of the working conditions. However, the relatively
complicated mathematical expressions in tensor form make
this model challenging for those 4D printing designers who
do not have strong background in solids mechanics to
understand and implement into specific applications. In
comparison, our model provides the analytical solutions in a
mathematically readable form to help the 4D printing
designers predict and optimize the temporarily fixed shapes at
low temperature. The mathematical conciseness makes our
model readily implemented into engineering designs with
complex geometry. Moreover, in our model, the rubbery
phase and multiple glassy phases are arranged in parallel, and
the formation of new glassy phases and vanishment of
existing glassy phases are respectively characterized by using
the ‘temperature-controlled switches’ concept. We notice that
the demonstrations of 4D printed bilayer composites in this
work are similar to the previously reported demonstrations
[11, 14, 41]. We acknowledge the novelty of the previous
report, and use these demonstrations in this work only for the
purpose of validating the accuracy and applicability of our
proposed model.

7. Conclusion

In this paper, a simplified phenomenological model is
developed to describe the glass transition behavior of SMP
where the concept of phase evolution is retained. Explicit
iterative formats of the stress—strain relationship are respec-
tively presented for the phase generation and vanishment
process. Its inherent conciseness allows the model to provide
closed-form analytical solutions of SM behavior for pure
SMP or SMP based composite structures. Accuracy of the
predictions is verified by the good agreement with the
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corresponding experiments. Furthermore, in addition to pro-
vide effective assistance in SM-based 4D printing design, the
model is promising to be expanded into other soft materials
with analogous phase evolution characteristics.
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