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Lattice metamaterials made of stiff polymers, ceramics, and metals
have been extensively designed to reproduce the mechanical beha-
viors of biological tissues, holding promising applications in biomedi-
cal devices and tissue engineering. However, lattice metamaterials
composed of soft materials have been far less explored due to
challenges posed by material nonlinearity and large deformations.
Here, hyperelastic lattice metamaterials with curved microstructures
are fabricated by 3D printing elastomers and are developed to mimic
bionic S-shaped stress—strain behaviors. We propose a design frame-
work for 3D printed hyperelastic lattice metamaterials that integrates
digital geometry generation, hierarchical mechanics modeling, and
validation by finite element (FE) simulations and experiments. The
microstructures are modeled through deriving a Timoshenko-type
beam theory governed by hyperelastic strain energy potentials. The
model is then combined with the deformation and equilibrium ana-
lysis considering non-rigid connections between microstructures to
predict the mechanical responses of hyperelastic lattice metamater-
ials. Using the developed design framework, programmable S-shaped
stress—strain behaviors and high fracture strains (over 800%) are
achieved. We demonstrate S-shaped stress—strain curves that match
skeletal and cardiac muscles and highly stretchable lattice sensors for
remote controls. This study provides design methods and theoretical
guidelines for hyperelastic lattice metamaterials, holding promise for
robotic sensors with bionic performance and functionality.

1. Introduction

Artificial materials with biomimetic mechanical behaviors hold
great promise for biomedical devices,'™ tissue engineering,*™®
and soft robots.”® Biology provides extensive guidance for
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New concepts

This work introduces the concept of hyperelastic lattice metamaterials for
bionic S-shaped stress-strain behaviors. Unlike traditional lattice meta-
materials composed of stiff materials, hyperelastic lattice metamaterials
are made of elastomers and feature curved microstructures. They can
mimic the hyperelastic characteristics of biological materials and exhibit
bionic S-shaped stress-strain curves. 3D printing technology is utilized to
achieve precise and rapid fabrication. We propose a design framework for
3D printed hyperelastic lattice metamaterials that integrates geometry
generation, mechanics modeling, and both experimental and simulated
validation. Guided by the framework, the S-shaped stress-strain beha-
viors can be programmed by tuning the design parameters. We demon-
strate the S-shaped stress-strain behaviors that match skeletal and
cardiac muscles, as well as highly stretchable lattice sensors for robotic
remote controls. This framework can accurately predict the local large
deformations and the effects of non-periodic boundary conditions,
offering quantitative guidance for robot sensor design and biomedical
applications.

building such materials through structured design.'®'" Many

biological tissues, such as skin,'* tendons,"® blood vessels'*
and cardiac tissue,” exhibit two-stage stress-strain responses
under uniaxial stretching owing to their inner curved and
intertwined microstructures (e.g., elastin and collagen fibers
in Fig. 1a). Initially, elastin and collagen fibers unfurl and align
with the loading direction, resulting in negligible stiffness,
shown as the toe region (stage I). As the applied strain
increases, the fibers straighten, and their stretching dominates
the mechanical response, leading to a sharp increase in the
tangent modulus (stage II). For elastin-rich tissues (e.g., skin
and iliac artery), stage II is linear because elastin is highly
linear elastic, forming a J-shaped stress-strain curve (Fig. 1b).
Conversely, for collagen-rich tissues (e.g., skeletal and cardiac
muscles), stage II is nonlinear due to the hyperelastic nature of
collagen, resulting in an S-shaped stress-strain curve (Fig. 1c).
For instance, uniaxial tensile tests have revealed the hyperelas-
tic behavior of collagen with a 90% fracture strain'®'” and the
S-shaped stress-strain curves of skeletal muscles with over
400% fracture strain.'® These two-stage stress-strain behaviors
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Fig. 1 Design concept of hyperelastic lattice metamaterials. (a) Two-stage deformation of elastin and collagen fiber network in biological tissue under
uniaxial stretching. (b) Linear elastic material enabled J-shaped stress—strain curve showing toe and linear regions. (c) Hyperelastic material enabled S-
shaped stress—strain curve showing toe and nonlinear regions. (d) Geometry of hyperelastic lattice metamaterials, consisting of three hierarchical
structures: microstructures, lattice units, and lattice metamaterials. (e) Custom DLP printing system. (f) High stretchability of the designed hyperelastic
lattice metamaterial. (g) Ashby plot of tensile strength versus stretchability for various soft materials, biological tissues, previously studied 3D printed

lattice metamaterials, and the proposed hyperelastic lattice metamaterials.

can provide natural mechanisms to protect biological tissues
from excessive strain."

With the rapid advancement of 3D printing,**>* lattice
metamaterials have been developed with a bioinspired micro-
structure made of stiff polymers, metals, and ceramics.>*>*
They can reproduce the J-shaped stress-strain behaviors
of biological tissues, showing extensive applications in
flexible network scaffolds,*® electronic skin,>” and wearable
exoskeletons.”® Examples include triangular lattice metamater-
ials with horseshoe microstructures replicating the mechanics
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of human skin,* rectangular lattice metamaterials with wavy
microstructures exhibiting mechanical properties similar to the
iliac artery,® and cylindrical lattice metamaterials with serpen-
tine microstructures displaying nerve tissue-like mechanical
responses.”’ Compared with these existing lattice metamater-
ials made of stiff constituents, the hyperelastic lattice metama-
terials made of elastomers can feature S-shaped stress-strain
curves and higher stretchability. However, the development of
hyperelastic lattice metamaterials is hindered by the lack of
theoretical models and design methods.

This journal is © The Royal Society of Chemistry 2025


https://doi.org/10.1039/D4MH01582G

Published on 04 April 2025. Downloaded by Shanghai Jiaotong University on 4/29/2025 3:59:29 AM.

Materials Horizons

Many theoretical models have been developed for lattice
metamaterials with J-shaped stress-strain behaviors to effec-
tively guide structural design.** So far, both phenomenological
and micromechanics models have been established. For example,
Cao et al. proposed a single-parameter phenomenological
framework, incorporating a two-segment model to capture the
J-shaped stress-strain relationship.’® While the expressions are
simple and explicit, they sacrifice a certain degree of prediction
accuracy and overlook the nonlinearity in the stretching-
dominated deformation stage. A pioneering micromechanics
model by Ma et al. combines the curved Kirchhoff-type beam
theory of the microstructures with equilibrium equations and
deformation compatibility of the lattices to predict the mechan-
ical behaviors of lattice metamaterials.>® This hierarchical
model is later extended to lattice metamaterials with fractal
microstructures,®® rotatable nodes,*® and multi-materials.?”
Notably, most of these micromechanics models are based on
the key assumption of the linear elastic material, which holds
for small local strain (below 5%). As a result, they can be used for
lattice metamaterials with J-shaped stress-strain curves under
moderate deformation (below 100%), but not for hyperelastic
lattice metamaterials under large deformation (above 400%),
where finite local strains arise. Recently, a few theoretical models
for hyperelastic lattice metamaterials with straight microstruc-
tures have been reported.*® These models use the principle of
stationary potential energy to calculate stress-strain behavior
based on affine deformation assumptions. Although the energy-
based methods are mathematically concise, they are not valid for
curved microstructures which undergo non-affine deformation
under large stretching. Therefore, finite deformation models for
hyperelastic lattice metamaterials that simultaneously consider
curved microstructures and material hyperelasticity are needed.

In this work, we develop a design framework for 3D printed
hyperelastic lattice metamaterials constructed from curved
microstructures, integrating digital geometric generation, finite
deformation theoretical modeling, and validation through FE
simulations and experiments. The curved microstructures are
modeled as Timoshenko-type beams governed by various strain
energy density functions to account for material hyperelasticity.
The overall mechanical response is derived using a discretization
formulation within a variational framework. By combining the
mechanics analysis of microstructures with the analysis of defor-
mation compatibility and equilibrium, we study the mechanical
responses of hyperelastic lattice metamaterials under periodic
and non-periodic boundary conditions. The non-rigid connec-
tions between microstructures induced by finite deformations,
i.e., variable angles between the tangent lines of different micro-
structures, are considered. The designed hyperelastic lattice
metamaterials can achieve programmable S-shaped stress-strain
curves and high stretchability (over 800% shown in Fig. 1f). Fig. 1g
displays an Ashby plot of tensile strength versus stretchability for
the hyperelastic lattice metamaterial in this work, existing lattice
metamaterials,>*>°™** various biological tissues'®*® and typical
soft materials.”’~*° The Ashby plot indicates that the developed
hyperelastic lattice metamaterials offer greater stretchability (up
to 850%) and relatively lower tensile strength (below 440 kPa)
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compared to existing 3D printed lattice metamaterials,
making them well-suited for mimicking soft biological tissues
with large deformations. This work focuses on the under-
standing and design of S-shaped stress—-strain behaviors using
hyperelastic lattice metamaterials. S-shaped stress-strain
behaviors that mimic biological tissues have been designed.
The highly stretchable lattice sensors with predictable elec-
trical properties and remote control capability are showcased.
To the best of our knowledge, such a framework has not been
explored before.

2. Structural geometry and 3D printing
fabrication
2.1. Geometry and digital design

Fig. 1d depicts the design concept and representative geome-
tries of hyperelastic lattice metamaterials. The metamaterials
are made of hyperelastic elastomers and exhibit a hierarchical
configuration consisting of microstructures, lattice units, and
lattice metamaterials. The design process involves three steps:
First, hyperelastic materials are used to form anti-symmetrical
microstructures, with geometries based on curvature functions
R(«) that define the relationship between the slope angle o and
the instantaneous radius of curvature R. Second, the lattice
units are generated by connecting curved microstructure
following the rectangular pattern. Lastly, the hyperelastic
lattice metamaterials are constructed by periodically arranging
the lattice units. An automatic digital design workflow is
developed in the algorithmic design environment Rhino Grass-
hopper to perform the above design steps and obtain the
manufacturing representations (STL files). Due to the hierarch-
ical geometric construction, mechanics analysis is conducted at
two different levels: the hyperelastic microstructure and the
hyperelastic lattice metamaterial, as detailed in Sections 3 and
4, respectively.

2.2. Material characterization and 3D printing process

The designed hyperelastic lattice metamaterials are fabricated
using digital light processing (DLP) 3D printing. The home-
made DLP printing system is composed of a UV-projector
(DLi 3DLP9000), a beam splitter, a resin tank with a transparent
glass window coated with transparent fluorinated polymer
(NFEP) film, and a linear translation stage (Fig. 1e). The
resolution of the UV projector used is 2560 pixels x 1600 pixels.
Each pixel has a size of 42 pm x 42 um. The layer thickness is
set to 50 um. A commercial UV-curable resin (65A, QIEFENG
Co, China) is employed for manufacturing (Section S4 and S5,
ESIt). Tensile tests are conducted to obtain the material
nominal stress-strain behaviors using a uniaxial material test-
ing system (Instron 68SC-2) with a tensile rate of 2 mm min "
(Section S6, ESIt). The material exhibits a stretchability of
~160%. The hyperelastic properties are measured by fitting
with the Neo-Hookean model using MatEditor (WELSIM),
yielding the fitted material constant ¢; = 0.733 MPa for the
strain energy density function W = ¢y(I¢c 3), where I¢
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denotes the first invariant of the right Cauchy-Green tensor
(Fig. S1a, ESI}).

3. Theoretical model of hyperelastic
curved microstructures

In this section, the mechanics of hyperelastic microstructures
are investigated within a discretized framework by extending
the two-dimensional geometrically exact beam theory to incor-
porate various hyperelastic constitutive equations.’®>' The
deformation of the microstructures accounting for axial, shear,

y
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and bending strains under applied forces and moments is
obtained numerically.

3.1. Kinematics of deformation

When the lattice metamaterials undergo large uniaxial stretch-
ing, each microstructure experiences non-affine deformation
due to the nonlinear material and curved geometry, resulting in
the complexity of developing an analytical model via energy
methods and static equilibrium equations. Thus, the hypere-
lastic beam formulations within the discretization framework
are derived to model the microstructures. As shown in Fig. 2b,
each half of the undeformed microstructure is discretized into
n. straight beam elements. The coordinates of the start point

Fx3 Fx4 Fy4

h ® Boundary nodes
® External nodes

© Internal nodes

Fig. 2 Theoretical model for hyperelastic lattice metamaterials. (a) Nonlinear kinematics of Timoshenko-type beams. (b) Quadratic elements in the
Timoshenko beam-type nonlinear formulation for hyperelastic microstructures. (c) Hyperelastic lattice metamaterials with periodic boundary conditions.
(d) Schematic of a microstructure under axial force F,, shear force F,, and moment M, at two ends. (e) Inner forces and moments for each microstructure
in the representative units. (f) Hyperelastic lattice metamaterials with non-periodic boundary conditions. (g) Schematic of a microstructure under an axial
force F,, shear force F,, and moment M, and M,, at two ends. (h) Categorization of connected nodes: boundary nodes, external nodes, and internal node.
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(Xsi, Ys;) and end point (Xg;, Yg;) of the ith element are given by
Xsi o Ccos o
J R(a) do,
Ysi 0 sino
XEi o cos o
J R(a) da
Y 0 sino

where o; = idepa/Me. The oenq is determined by solving
Y(2) = [ R(x) sinado = 0.

Consider a beam element with length /. and rectangular
cross-section with width D and height H as illustrated in Fig. 2a.
The stress-free reference and current configurations are
denoted by Q, and Q, respectively. To describe the kinematics
of beam deformation, a global Cartesian coordinate system X, Y
and an orthonormal local coordinate x, y are used. The two
coordinate systems are coincident for reference configurations
and located at the geometric center of the beam. x is identified
as the tangent vector of the centerline and y lies along the width
directions. {%, y} is the local coordinate in the current
configuration.

Given a centerline displacement vector u = {u,v,\/}, where u is
the displacement in the axial direction, v is the deflection and
is the rotation, the displacement vector U of a material point of
the beam from initial position X (X, Y) to deformed position x
(x, ) can be described by u as follows:

fori=1,...,n,

1)

X +u(X) —siny(X)
UX) = v(X) + Y cosy(X) ;. )
v 0

The relation between the strain vector ¢ and the displace-
ment vector u is derived from the principle of virtual work,>>
given by

s= T — N (3)
e cosyy siny 0
where e=<7 7, T(y)= | —siny cosy 0],
K 0 0 1
1+ 1
u = Vv and N =< 0 3. ¢ is the axial strain, y is the
W' 0

shear strain and « is the curvature. ()’ denotes the derivative
with respect to the coordinate X.

3.2. Constitutive equations

Consider a beam constructed using an incompressible hyper-
elastic material. The stress-strain constitutive relationship is
defined from a strain energy density function W that depends
on the deformation gradient F. For a Timoshenko beam in the

This journal is © The Royal Society of Chemistry 2025
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x-y plane, the deformation gradient is defined as

Ay 0 0
F=|y 4 0], (4)
0 0 A4

where Ay, 4, and 4, are the stretches in axial, width and height
directions, respectively. Note that the axial stretching satisfies
Ax=¢+ Ky +1.0n the centerline (y = 0), the axial stretch A, =¢ + 1.
The Cauchy stress tensor ¢ is obtained by
6= %—VFVFT -7l (5)

where p denotes the Lagrange multiplier to ensure incompres-
sibility and I is the identity matrix. By solving the plane
stress assumptions oy, = 0 and o, = 0 in the transverse plane,
along with the incompressibility constraint det(F) = 1, the
stretches 4,, 4, and the p can be calculated. Accordingly,
the stress resultant vector S, in the current configuration is
given by

d/2
N = J oy (7)bdy
—d)2

d/2
S, — Q:j onnds (©)

d/2

M= oubdi
—d/2

where N is the axial resultant force in the X direction, Q donates

the resultant shear force in the j direction, and M is the resultant

moment acting on the beam cross-section. To describe the cross-

section variation due to stretching, the width and height are

H
updated by d = [ )7,(Y)dY and h = 5 [?1322:(Y)dY. Deriv-

ing the resultant stress with respect to the strain variables
produces the stiffness matrix D as

0S;
D= % (7)

For the incompressible Neo-Hookean material, the Cauchy
stress tensor derived from the strain energy density function is
given by

6 = 2¢,FF" — pL (8)
Considering the deformation gradient F shown in eqn (4),

the normal and tangential Cauchy stress components acting on
the beam cross-section are calculated as

g (’/2(’% +KY) A+ (e + KkY) =20k + Ky)3)

Je + KY

Oxx = s

©)

Oy = 2019(Ae + KY). (10)
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Similarly, for the incompressible Mooney-Rivlin material,
eqn (8) becomes

W =¢ (IC - 3) + Cz(]IC — 3),
N (11)
o = 2¢,FFT — 2¢, (FFT) —pl.

where II; is the second invariant of the right Cauchy-Green
tensor and ¢; (i = 1 and 2) are material constants. The corres-
ponding normal and tangential Cauchy stress components can
be obtained by

Oxx = 2Cl (/Lc + Ky)z

c1 (01 + 262 (e 4+ ky) 4172 (e + Ky))
2 (%e + 1p) +e1 (e + k)

2¢s (0'1 + 262 (e + Ky +172 (Je + Ky)) (12)
(/lc + Ky)z(al - Clyz()vc + Ky))
4cy(Ae + k) (cz(}.c + Ky)2+01>
+ )
o1 — c19*(Ae + 1Y)
4coy (cz(kc + Ky)2+c1)
Oyy = 261?(;% + Ky) + (13)

\/0'12 —172(Ae + KY) ’

where

o) = \/clzy“(},c + ky) Hhe? + 8er1ea(Ae + ky) H4e? (e + 1)

By substituting eqn (9), (10) and (12), (13) into eqn (6), the
stress resultant vector S, can be numerically calculated. The
constitutive matrix D is obtained by solving eqn (7) using
central finite differences.

3.3. Discretization formulation

The discretization formulation is developed in a variational
framework. The microstructure in the reference configuration
is discretized into n. quadratic elements. Each element includes
three nodes with degrees of freedom u, v, and y (Fig. 2b). Thus,
the field variables {u,v,/} are interpolated by quadratic shape
functions as

Ue ur
3
U =< We p = ZNI(X) wr p, (14)
=1
l//e l//1

where N1(§) = 3(¢ — 1), Na(¢) = 1 — ¢ and Ns(¢) = 5(¢ + 1)¢

(&€ € [—1,1]). Substituting eqn (14) into eqn (3) yields the explicit
form of the strains based on the node displacement vector u; =
{urvr, as follows:
3
g =Y _T(J.)Boru; — N with By, = N/1. (15)
=1

Note that N} = AN;/dX = ON; /dE[0X/9E)”". The weak
form of equilibrium which is equivalent to the principle of
virtual work can be stated as

Mater. Horiz.
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SIT = 81T — Sl exe = 0, (16)

where IT donates total energy, IT;,, is the virtual strain energy of
the element and I, is the virtual work of external loads acting
on that element. Adopting the virtual generalized displacement
vector duj, eqn (16) can be expressed by duj (5., — fox) = 0,
where ff,.; and f{,; are the internal and external forces,
respectively (see ESIT). Since du; is arbitrary,

ﬁnt[ - fgxtl =0, (17)

which is a system of nonlinear algebraic equations for the
nodal degrees of freedom. Linearization of (17) leads to

KeAU =—-R= f‘ifnt - f;xta (18)

where K° is the element stiffness matrix (see ESIf). AU is the
increment of the generalized displacement vector, which is
calculated by the iterative Newton-Raphson method to obtain
the deformation of the microstructures.

4. Theoretical model of hyperelastic
lattice metamaterials

In this section, the mechanical analysis of microstructures is
integrated with the analysis of equilibrium and deformation
compatibility in the lattices to predict the mechanical behavior
of hyperelastic lattice metamaterials under external loading.
In particular, the effect of non-rigid connections between
different microstructures induced by finite local deformation
is analyzed.

4.1. Periodic boundary conditions

The mechanics of hyperelastic lattices with periodic boundary
conditions are investigated. As illustrated in Fig. 2c, each lattice
unit comprises four microstructures labeled 1 to 4. When
uniaxial vertical stress ¢ is applied, each microstructure under-
goes antisymmetric deformation with respect to the central point
due to the antisymmetric geometry. The microstructure is con-
sidered as simply supported (Fig. 2d). A vertical force F, and a
horizontal force F, are applied at each end of the microstructure,
and a pair of moments M, are antisymmetrically located at the
ends (Fig. 2e). The static equilibrium of the lattice unit gives the
relationships between internal forces and external loading in
both normal and shear direction, which requires that

Fyicosfy — Fyisinfy + Fyocos By + Fyosinf, =0,

Fyysinfy 4+ Fyicos )+ Fyysin iy — Fyacos iy = V2LHo,
—Fyysinf; — Fyicos i + Frasin i, — Fypcos ff, =0,

(19)
—F\3sinf; — Fy3¢08 B3+ Fygsinfiy — Fyacosfy =0,

—Fyicospy + Fyisinfy 4+ Fycos By + Fuasinfiy =0,

Fyyco8fy+ Fypsinfy — Fyycos iy + Fyzsin 3 =0.

The moment equilibrium of an arbitrary joint, which is
connected by four microstructures, and anti-symmetry

This journal is © The Royal Society of Chemistry 2025
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requires that

i (FuLi)/2 =0, (20)

i=1 i=1

where L and L; are the undeformed and deformed lengths
between two ends of the microstructures, and f; characterizes
the rigid-body motion of each microstructure. Traditionally, the
connections between microstructures are assumed to be rigid,
i.e., the angle between the tangent directions of different micro-
structures keeps unchanged during deformation (referred to as
“relative angle” for simplicity in the following). This assumption
holds for lattice metamaterials under small local deformation.
However, when hyperelastic lattice metamaterials undergo high
stretching, the local material experiences finite deformations.
Consequently, the connections are modeled as nonlinear hinges
to account for the relative angular changes caused by the applied
moments. This leads to

Bi 0,
1 1 0 0 1 -1 0 O
B 0>
01 10 1o -1 1 o0 ,
B 03
1 0 0 1 1 0 0 -1
B4 0,) (21)

n/2+ (My + M2)/n
= | n/24 (M2+ M;3)/n
/2 + (Ms+ My)/n

where 0; is the tangent angle at the end of each microstructure. y
denotes the rotational stiffness of nonlinear hinges, which is
accurately calibrated in the validation section. The deformation
compatibility requires that the side lengths and interior angles of
the deformed rectangle satisfy the following geometric relations:

L,

sinf/, sinfi; —sinfi, —sinf; L
=0. (22

cosfiy —cosff; —cosfy cosfs L;

Ly

The deformed configurations of hyperelastic lattice meta-
materials can be obtained by solving eqn (19)-(22) and the
governing equations of the microstructures eqn (18). The long-
itudinal strain ¢, can be written as

o Lysinf, + Lysin f; — V2L
) L :

(23)

4.2. Non-periodic boundary conditions

The mechanics of hyperelastic lattices with non-periodic boundary
conditions are further explored for practical applications with
boundary constraints. As depicted in Fig. 2f, the hyperelastic lattice
metamaterial comprises 2 x 2 units indexed from I to IV. The
connected nodes on the left boundary are pinned, while those on
the right boundary are allowed to slide horizontally. Due to

This journal is © The Royal Society of Chemistry 2025
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different boundary constraints at each end of the microstructure,
the moments M, and M, acting on the two ends are different,
resulting in non-antisymmetric deformation (Fig. 2g). The deforma-
tion of each microstructure needs to be solved individually. The
connected nodes are categorized into three types: boundary nodes
which have boundary constraints or loading applied; external
nodes which connect two microstructures; and internal nodes
which connect four microstructures (Fig. 2h). The force equilibrium
in the normal and shear direction at the boundary nodes gives

>. Fiisinf|+Fl cosp| + Fiysinfy —
=TIV

4cosﬁf‘ =2V2LHa,

i=I1111 " Sinﬂ’ '3005/53 .izSinﬁé_ ;iwzcosﬁéz_z\/il Hao,

,:Z, 1 +F F
Z cosﬁ’ *‘Fll sin 3} F14cos[)’4 +Ff451n[§4 _

i=LIV +

. %H —Fiscos fy + Fiysin i+ Fiycos fy + Flysin fy =0.
= »

(24)

where ()j’ donates the variable corresponding to the jth microstruc-
ture in the ith lattice unit. For the external and internal nodes, it
requires that
Z B Normal = 07
{ (25)
Z F Shear = 07

where Fyormal and Fgpeqr are the resultant forces in the normal and
shear directions, respectively. The moment equilibrium at each
connected node requires that

> M=o. (26)

The angle equilibrium considering the relative angular
changes gives

1 1.0 0\ /p 1 -1 0 0 0]
01 1 0]||p 0 -1 1 0 0!
|+
00 1 1||p 0 0 1 —1]f°¢:
100 1/ \g 1 0 0 -1/ \6,
_ (27)
n/2+ (M, + M5,) /0

TE/2+ 2a+Méb /’7

)
M%a + letb)/’/l
)

. i=TtolV.
/2 +

(M
(M
(
n/2+ (Mi, + Mi,) /n

The geometric compatibility in each lattice unit satisfies

L
sinfy, sinf} —sinpj —sinf}\ | L}
_ _ _ _ | =0, i=TtolV.
cosfl; —cosfl| —cosfl, cosf L
L
(28)
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For boundary constraints, it gives

LM cos B + Ll cos pi = V2L,

LY cos B + L} cos B} = V2L, 29)
29

s~ s 0,

LVsin g} — L} sin g} = 0.

The deformed configurations of hyperelastic lattice meta-
materials with non-periodic boundary conditions can be
obtained by solving eqn (24)-(29) and the governing equations
of the microstructures.

5. Validation of the theoretical model

In this section, the developed theoretical models are validated
by commercial FE simulations and experiments. Three struc-
tures are designed: hyperelastic microstructures, lattices with
periodic boundary conditions and lattices with non-periodic
boundary conditions.

R(a)=a*+1/(a+B)

View Article Online
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5.1. Hyperelastic microstructures

The curvature function R(e) = o + 1/(ax + B) (0 < o0 < 0ena) is
employed to design the hyperelastic curved microstructures.
Compared to the curvature function R(x) = «* with a single
parameter A, the introduction of the term 1/(o + B) increases the
radius of curvature near the initial point, reducing the curva-
ture jumps at antisymmetric centers of microstructures (Fig. S2,
ESIt). This promotes a smooth transition and reduces the risk
of stress concentration. The stretchability can be programma-
ble by tuning the parameters A and B. For instance, by tuning
the parameters A (1 < A < 5)and B (0.05 < B < 0.45), the ratio
Ly of the microstructure curve length to the distance between
its ends can be varied from 1.4 to 4.2 (Fig. 3a). Larger length
ratios result in wider toe regions and higher stretchability of the
microstructures. Three designs were constructed for validation
with the following parameters: (I) A = 4.0 and B = 0.2 with Ly =
1.5; (I1) A = 2.0 and B = 0.1 with Ly = 2.5; (II) A = 1.2 and B = 0.08
with Ly = 3.5 (Fig. 3a). All the microstructures are scaled to
L = 30+/2 mm. The width D = 0.6 mm and the thickness H =
2.5 mm. Each microstructure is discretized into 60 quadratic
elements.

The microstructures exhibit nonlinear S-shaped stress—force
curves. The deformation transfer from bending-dominated

a g45 b 6
4 — Exp === FE o Theory
3.5 :
o . Microstr. 111
s § Z | Microstr.1 Microstr. II, °
B 0.25 S 9 34
2 5
258 L
—
2
0.05 1.5 0 +== :
0% 350% 700%
Strain
c d e

Microstr. 1 Microstr. I

£=180%

Microstr. III

Fig. 3 Validation of the theoretical model for hyperelastic microstructures. (a) Curvature function for generating hyperelastic microstructures and the
corresponding length ratio. Three microstructures are designed with varying geometric parameters. (b) Comparison of experimental, FE-simulated, and
theoretical stress—strain curves for the microstructures. (c)—(e) Comparisons of experimental, FE-simulated, and theoretical deformed shapes at specific

strains. All scale bars are 20 mm.
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boundary conditions. (e) and (f) Comparison of experimental, FE simulated and theoretical deformed shapes at specific strains. All scale bars are 20 mm.

with the low modulus to stretching-dominated with the high
modulus, resulted in the sequential formation of the toe and
nonlinear regions. Microstructures with larger length ratio Ly
show higher fracture strains. For instance, as shown in Fig. 3b,
the stretchability of hyperelastic microstructures I, II, and III
are 212%, 428%, and 626%, respectively, which is significantly
higher than the base material (~160%). The theoretical results
are in good agreement with FE simulations and experiments.
The deformed shapes of the microstructures at typical strains
are depicted in Fig. 3c-e. The comparison between the experi-
mental, theoretical and FE-simulated shapes agrees well.

This journal is © The Royal Society of Chemistry 2025

5.2. Lattices with periodic and non-periodic boundary conditions
To validate the theoretical model of hyperelastic lattice meta-
materials with periodic boundary conditions, we first evaluate
the rotational stiffness 1 in eqn (21). For straight beams in the
linear elastic case, 1 is given by 12EI/L, where EI/L is the flexural
rigidity.** However, # is not fixed for hyperelastic lattice meta-
material due to the finite local deformation. To address this,
FE-assisted calibration is performed. As depicted in Fig. 4a, the
variation of relative angle due to applied moments is quantita-
tively characterized in ABAQUS. The FE model consists of four
connected hyperelastic microstructures III (Fig. 3a), which are
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scaled to L =25y2/2mm. The bottom boundary nodes are
pinned and horizontally slidable, while the upper boundary nodes
are subjected to vertical forces. The applied moments are extracted
from ABAQUS simulations by summing the relative moments at
the connected node caused by the vertical forces. For microstruc-
tures with D = 0.6 mm and H = 1.3, 1.5, and 1.7 mm, the calculated
applied moment-relative angle curves are seen to be notably non-
linear, as illustrated in Fig. 4b. When the applied moments bring
the microstructures closer, the relative angle is smaller than m/2.
Conversely, when the torques move the microstructures apart, the
relative angle is larger than m/2. Furthermore, as the cross-sectional
area increases, the variation of the relative angle decreases under
the same torque. For instance, under a torque of 0.3 N mm, the
relative angle for microstructures with H of 1.3, 1.5 and 1.7 mm
decreases from /2 to 0.73, 1.05 and 1.19 rad, respectively.

The strain—force curves of the hyperelastic lattice metamaterials
with periodic boundary conditions are calculated by using the
relationships between the applied moment and relative angle. As
shown in Fig. 4c, the hyperelastic lattice metamaterial consisting of
2 x 2 units achieves a high failure strain over 850%. Similar to the
hyperelastic microstructures, the hyperelastic lattice metamaterials
also display an S-shaped strain—force curve, but with a wider toe
region, since the geometric deformation is enabled by both the
rectangular pattern and curved microstructures. The experimental,
theoretical, and FE-simulated strain—force curves agree well (Fig. 4c).
Comparisons of theoretically predicted, experimental, and FE-
simulated deformed shapes at strains of 200%, 400%, 600%, and
800% are shown in Fig. 4d. For simplicity, a slidable setup in the
boundary is used to model periodic boundary conditions.

As depicted in Fig. 4e, experiments and FE simulations are
then conducted to validate the theoretical model of hyperelastic
metamaterials with non-periodic boundary conditions. The
hyperelastic lattice metamaterials are constructed using micro-
structures III with L =25v2/2mm, D = 0.6 mm and H =
1.7 mm. 1 X 2 units and 2 X 2 units are employed. One end
of the metamaterial is fixed, and the displacement loading
condition is applied to the other end. The stress-force curves
also exhibit S-shapes. The failure strains are 770% for 1 x 2
units and 830% for 2 x 2 units, which are slightly smaller than
those observed with periodic boundary conditions, since the
non-periodic arrangements give rise to higher local stresses.
The theoretically predicted stress—force curves align well with
the experiments and FE simulations (Fig. 4e). The theoretical
results reveal that the moments at the two ends of the micro-
structures with non-periodic boundary conditions are notably
different. For example, M5, = 0.18 N mm and M5, = 0.2 N mm at
the strain of 800% (Fig. S4, ESIt). Fig. 4f depict the deformed
shapes from theory, experiment, and FE simulation at strains of
300% and 600%. The overall deformation is non-periodic, with
each microstructure undergoing a distinct deformation.

6. Applications

The theoretical model can further guide multifunctional appli-
cations. The effects of material and geometric parameters of
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hyperelastic lattice metamaterials are investigated. Bionic hyper-
elastic lattices and stretchable lattice sensors are demonstrated.

6.1. Bionic hyperelastic lattices

The S-shaped stress-strain curves of hyperelastic lattice meta-
materials can be tailored by tuning the microstructure geome-
tries. A series of microstructures are designed by modifying the
parameters A and B in the curvature function R(«) = o* + 1/(2 + B),
as well as the width D. We utilize 2 x 2 units with non-periodic
boundary conditions shown in Fig. 4e. Details of the parameters
and FE-simulated results are provided in Fig. S5 (ESIt). Fig. 5a
shows the stress-strain curves for microstructures designed with
A values of 1.2, 2.4, 3.6, and 4.8, while B = 0.08 and D = 0.6 mm.
The size of the toe region can be enlarged by increasing the
length ratio Lg. For instance, the strains are 30%, 110%, 180%
and 400% corresponding to A values of 1.2, 2.4, 3.6, and 4.8,
under a relatively small stress of 0.1 kPa. Fig. 5b presents the
stress—strain curves for microstructures designed with D values
of 0.3, 0.6, 0.9, and 1.2 mm, while A = 2.4 and B = 0.12. The
stiffness of the nonlinear region can be increased by increasing
D. For instance, the stresses are 5, 12, 17 and 20 kPa corres-
ponding to D values of 0.3, 0.6, 0.9, and 1.2 mm at a strain of
600%. These design strategies provide a method to program the
S-shaped stress-strain curves (Section S7, ESIf). Developing
stretchable devices that match the mechanical behaviors of
biological tissues is crucial for comfortable and compliant bio-
integration.>® Numerous biological tissues exhibit large stretch-
ability and S-shaped stress-strain curves to prevent damage from
large deformations. The highly stretchable hyperelastic lattice
metamaterials are promising candidates. As shown in Fig. 5¢, we
design the hyperelastic lattice metamaterial that mimics the S-
shaped stress-strain curves of the skeletal muscle, the design
parameters are A = 1.8, B = 0.05 and D = 1.2 mm. The
experimental, FE-simulated, and theoretical results show good
agreement with the natural data. Fig. 5d depicts the hyperelastic
lattice metamaterial designed to replicate the S-shaped stress-
strain curves of the cardiac muscle, with parameters A = 2.2, B =
0.05 and D = 0.75 mm.

6.2. Stretchable lattice sensors

The hyperelastic lattice metamaterials developed in this work
show promise for bio-integrated device applications. Most
wearable sensors do not typically experience strain exceeding
100%. However, in extreme scenarios, certain soft tissues can
undergo such large deformations, in areas such as skin at joints
(knee, elbow, and neck), or soft tissues under high-intensity
impacts or tearing.”*° Sensors capable of sustaining such
deformations can not only mimic the stress-strain behavior
of skin at joints but also provide early warnings for potential
tissue damage. Fig. 6 demonstrates the conducting hyperelastic
lattice metamaterial for potential use as flexible strain sensors.
As depicted in Fig. 6a, a home-made direct ink writing (DIW)
3D printer fabricates the lattice sensors using conductive
silicone. Uniaxial tensile tests reveal that the material follows
a Mooney-Rivlin constitutive model with ¢; = 0.188 MPa and
¢, = 0.203 MPa (Fig. S1b, ESIt). The lattice is composed of 2 x 2
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units with microstructures designed using parameters A = 1.5,
B =0.3,D =0.6 mm, and H = 1.5 mm. Each microstructure
functions as a stretchable resistor. When the metamaterial is
subjected to uniaxial stretching, the microstructures undergo
non-uniform local deformation. The resistance R. of each
element is

R 5 ul
— =Jyx and Ry = — 30
Ry T DH (30)
where R, is the initial resistance and the resistivity p is 0.04
ohm-cm. Thus, the resistance of microstructures can be

obtained using

Nne
Ry = Z R.. (31)
e=1

The equivalent circuit transformations are applied to calcu-
late the resistance of the circuit R, as

R.= F({R;',,j|i =1, 2,3,4;j =111, III, IV}), (32)

where Ri,lj is the resistance of the jth microstructure in the ith
lattice unit, and F is the relational function detailed in the ESI}
(Fig. S7). The predicted conductivities from eqn (30)-(32) con-
sistently match the measured conductivities of the lattice
sensors (Fig. 6b). Fig. 6¢c shows the theoretically predicted

This journal is © The Royal Society of Chemistry 2025

and experimental deformed shapes at strains of 0%, 100%,
and 200%, which are in good agreement. The color maps of
theoretical local strain distributions are also shown in the
panel. Two typical stages are observed: the curved microstruc-
ture bends and uncurls at the first stage, leading to a relatively
small local deformation, so the resistance remains almost
unchanged. In the second stage, the microstructure is nearly
straightened, and tension dominates the deformation, causing
a sharp increase in local deformation and resistance.

The resistance of the lattice sensor was measured under
different temperature and humidity conditions (Fig. S6, ESIf),
with the environment controlled using a heater and humidifier.
Tests were conducted over a temperature range of 10 to 70 °C
and a humidity range of 30% to 75%. As shown in Fig. 6d, the
resistance of the undeformed lattice conductors increases with
temperature. For example, at 40% humidity, the resistance
increased from 16.4 Q at 10 °C to 18.3 Q at 70 °C. Conversely,
humidity has a smaller effect on resistance (Fig. 6e). At 20 °C,
the resistance increased from 16.4 Q at 30% humidity to 16.8 Q
at 75% humidity (Fig. 6e).

Stretchable lattice sensors are then demonstrated to moni-
tor heartbeats in vitro. A cyclically deforming balloon was used
to mimic a beating heart, encapsulated by a lattice conductor,
and the conductivity was measured at both ends (Fig. 6d). As
the balloon deforms, the lattice metamaterial with low stiffness
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Fig. 6 Stretchable lattice sensors. (a) Fabrication of lattice sensors using a custom DIW 3D printer with conductive silicone, where each microstructure
acts as a stretchable resistor. (b) Comparison of experimental and theoretical strain—resistance curves. (c) Theoretical and experimental deformed shapes
at specific strains. (d) The relationship between the resistance of lattice conductors and both temperature and humidity. (e) The resistance variation with
temperature at 40% humidity and with humidity at 20 °C. (f) Encapsulation of a cyclically deforming balloon within a lattice conductor. (g) Cyclic volume
changes of the balloon and corresponding theoretical and experimental resistances of the lattice conductor. All scale bars are 20 mm.

and high deformability can conformally deform around the
balloon surface. As shown in Fig. 6e, a pneumatic controller
regulates the air input to achieve cyclical volume changes. We
define 1 < V/V, < 3 as the safe range for normal heartbeats
and V/V, > 3 as the danger zone for abnormal heartbeats. The
theoretically calculated resistances match the experimental
results. In the safe range, resistance changes are relatively
small, whereas in the danger zone, resistance sharply increases

Mater. Horiz.

with volume. These stretchable lattice sensors can also be used
for human motion capture and health monitoring.

6.3. Remote controls using lattice sensors

Hyperelastic lattice metamaterials are designed to control an indus-
trial robot (Fig. 7). The sensor consists of 3 x 1 units, encapsulated
using acrylic VHB. It is worn on the finger joint, which can adapt to
large strain during flexion. The geometric and material parameters

This journal is © The Royal Society of Chemistry 2025
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Fig. 7 Remote controls of an industrial robot and soft robotic finger using metamaterial sensors. (a) Metamaterial sensor monitoring finger bending and
controlling the robot's movement in specific directions. (b) Relative resistance changes in four channels during the maze exploration task. (c) Robot
movement along predefined trajectories based on sensor input. (d) Metamaterial sensor monitoring multi-joint finger motion to control a soft robotic
finger. (e) Relative resistance changes at the metacarpophalangeal and interphalangeal joints during finger motion.

of the microstructures are the same as in Fig. 6a, with the height
modified to 1 mm. The resistance of the hyperelastic lattice meta-
materials is measured using a multi-channel resistance acquisition
system (Anbai, AT5130) to continuously track finger movements.
Each finger movement is pre-programmed to control a specific
direction of the robots movement (Fig. 7a), allowing the operator
to navigate a maze remotely (Fig. 7b and ¢ and Movie S1, ESIf).
Another metamaterial sensor is designed to control a soft
robotic finger. The lattice (composed of 2 x 1 units) is placed at
the metacarpophalangeal and interphalangeal joints to monitor
multi-joint bending (Fig. 7d). The resistance signals of the lattices
are used to continuously control the inflation of two pneumatic
chambers (Fig. 7e). The results show that the soft finger can
replicate the motions of the human finger in real time (Movie S2,
ESIt). These demonstrations highlight the ability of our metama-
terial sensors to accommodate large deformations at joint areas.

7. Discussion and conclusion

The significance of our work lies in three key aspects: (1) we
achieve S-shaped stress-strain curves using hyperelastic lattice

This journal is © The Royal Society of Chemistry 2025

metamaterials, which combines hyperelastic materials and
lattice structures with curved microstructures. (2) We develop
a theoretical model that accurately predicts and inversely
designs the S-shaped stress-strain curves, considering the
hierarchical structures and material nonlinearity. (3) We
demonstrate highly stretchable lattice sensors that mimic S-
shaped stress—strain curves using the theoretical framework.
Previous studies on lattice metamaterials have mainly
focused on structures exhibiting J-shaped stress-strain curves,
typically assuming linear elastic behavior. Recently, several
theoretical models have explored hyperelastic lattice with
straight microstructures, utilizing the principle of stationary
potential energy.*®>® But the hyperelastic behaviors of curved
lattices have not been investigated theoretically. Additionally,
periodic boundary conditions were often assumed. In this
work, the theoretical model considers material hyperelasticity,
curved microstructures and both periodic and non-periodic
boundary conditions. A detailed comparison of our theoretical
model with existing studies is provided in Table S1 (ESIt).
Sensors that replicate bionic stress-strain curves are essen-
tial for integration with organisms, as they minimize the
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damage induced by the mechanical mismatch. However,
designs based on experimental experience often fail to replicate
the nonlinear stress-strain responses of biological tissues.
Developing theoretical models can not only offer insights into
the underlying physics but also provide efficient inverse design
and optimization of stress-strain sensors. In this work, the
theoretical model enables the design of soft sensors with bionic
S-shaped stress—strain behaviors, high stretchability (>300%)
and predictable resistant changes under load. Previous
research has rarely achieved all three of these key performance
metrics. A comparative analysis of three key sensor perfor-
mance metrics is presented in Table S2 (ESIT).

In summary, we propose an integrated theoretical, FE simu-
lation and experimental design framework for 3D printed hyper-
elastic lattice metamaterials with curved microstructures. In the
developed hierarchical theoretical model, the microstructures
are modeled by extending a Timoshenko-type beam formulation
that accounts for curved geometries and hyperelastic material.
The model is then combined with the analysis of equilibrium
and deformation compatibility which consider non-rigid con-
nections between microstructures to elucidate the deformation
mechanisms of hyperelastic lattice metamaterials. Both periodic
and nonperiodic boundary conditions are addressed. The theo-
retical results show that hyperelastic lattice metamaterials exhi-
bit S-shaped stress—strain curves consisting of toe and nonlinear
regions. Experiments and commercial FE simulations are con-
ducted to validate the theoretical models. The framework can
enable customizable mechanical behaviors by tuning the geo-
metric and material parameters. The designed hyperelastic
lattice metamaterials achieve high stretchability (over 800%)
and exhibit stress-strain curves mimicking biological tissues.
We demonstrate the highly stretchable lattice sensors with
predictable electrical properties for remote controls. This work
provides systematic guidelines for designing and manufacturing
hyperelastic lattice metamaterials, paving the way for robots with
realistic human mechanosensation.
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